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Abstract

Aim of this paper is to present a way to explore time series by combining some fundamen-
tal results of stochastic processes theory with graphical and reduction features of facto-
rial methods. A multiple time series visualization and identification strategy is provided
by defining a common structural subspace where different regions related to particular
ARMA processes are represented. This subspace becomes the reference map for the ex-
ploration of multiple time series. In order to provide a unique identification of the ARMA
model, a complementary tool represented by a classification tree is proposed.

Keywords: ARMA process, Principal Component Analysis, Classification Trees, Autocor-
relation Functions.

1. INTRODUCTION

Nowadays the availability of large data-sets observed at different time points high-
lights the need to define methods able to deal with multiple time series. In partic-
ular, this requirement is fundamental for national statistical institutes whose aim
is to provide frequently and quickly information on huge amount of time series.

1 This paper is supported by MIUR grant 40% “Metodi statistici multivariati e di visualizzazione
per l’analisi, la sintesi e la valutazione di indicatori di performance” (Research Unit: University
of Salerno - Resp.: Professor Maria Rosaria D’Esposito).

VISUALIZING AND EXPLORING MULTIPLE TIME SERIES

1. INTRODUCTION
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Most of time series literature focus on the visualization and identification
of univariate series. In particular, the basic approaches to time series analysis
are directed towards both the development of the stochastic theory and the im-
provement of procedures for recognizing, estimating and testing the time series
structure (Box & Jenkins 1976).

Visualizing multiple time series can be made easier by extending traditional
univariate tools (for example the scatter plot matrix) or using dynamic graphics
(Becker 1987) (Unwin 1992) (Newton 1993). However, if the number of plotted
series is very large, the simultaneous exploration is still an onerous task.

In this paper, known stochastic processes properties are exploited in order
to define a methodology for simultaneously visualizing a large number of time
series in order to discover similarities and classify a large number of time series
according to their autocorrelation structure.

The Autocovariance structure of a time series plays a fundamental role in
the analysis of the stochastic process. In particular, the global and partial sample
autocorrelation functions (ACF and PACF) are used in the identification phase.
Our main concern is the class of stationary and invertible Gaussian processes and
we particularize our work to the AR(1), MA(1), AR(2), MA(2) and ARMA(1,1)
models.

In the considered class, the correspondence between the model parameters
and the lagged autocorrelation functions is expressed by the Yule-Walker equa-
tions system. In order to synthesize the global information arising from these
relationships, we propose a factorial approach based on the “Process/ACF” corre-
spondence which is retrieved in a matrix with r rows (the processes) and c columns
(the autocorrelation function at different lags). In such a way, the processes are
thought as r points in a c-dimensional space. The factorial approach allows to
obtain a parsimonious representation of the whole information by removing most
of the redundance implied in these relationships. Principal Component Analysis
(Lebart et al. 1984) is used to get a reduced number of factors defined as linear
combinations of the original variables (the autocorrelation functions). The pow-
erful graphical tools of the factorial techniques allows to get a map of the whole
process structure. This graphical representation is here defined as the Structural
Subspace of the Time Series (SS) and it allows the multiple visualization and ex-
ploration of observed time series according to the interpretative rules described in
Section 2.2. The SS can be exploited for different aims: i) as a static reference
system where a large number of series represented by points onto the plan can be
compared; ii) as a dynamic monitoring system where one or more series can be
plotted every time that new observations become available.
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Projecting a time series onto the plan can also give useful information about
the class of the underlying generating process, even if the exact specification is
often a difficult task. Furthermore, in order to improve the identification phase, we
propose the use of a Classification Tree ((Breiman & al. 1984)). The theoretical
autocorrelation values for well defined processes are used to train a classification
tree to recognize the reasonable ARMA model of an observed time series.

The paper is organized as follows: in section 2 the definition, the interpre-
tation rules and the actual use of the Structural Subspace are provided, in section
3 a classification tree is proposed to help the model identification, in section 4
the analysis of the industry business and consumer survey time series is showed.
Some concluding remarks and further developments are proposed in Section 5.

2. A FACTORIAL APPROACH FOR EXPLORING AND VISU-

ALIZING ARMA MODELS

2.1 THE DEFINITION OF THE STRUCTURAL SUBSPACE

In order to provide a new multiple time series visualization tool, Principal
Component Analysis (PCA) (Lebart et al. 1984) is used to synthesize the pro-
cesses structure defined in terms of partial and global autocorrelation functions.

The structure of a stationary process can be completely retained by its au-
tocorrelation functions. Furthermore, a small number of lagged autocorrelations
tells most of the history so that each stochastic determination (that is a time series)
is assumed to be described by the ACF and PACF values at the first k lags.

We consider the class of univariate ARMA(p,q) models:

φ�B�zt � θ�B�εt (1)

where
φ�B� � 1�φ1B�φ2B2� ����φpBp (2)

and
θ�B� � 1�θ1B�θ2B2� ����θqBq (3)

are transfer functions with backward operator B and εt is assumed to be a
sequence of independent identically normally distributed random variables with
mean 0 and variance σ2.

2. A FACTORIAL APPROACH FOR EXPLORING AND VISUALIZING
ARMA MODELS
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Hereby we just refer to the class of stationary and invertible Gaussian pro-
cesses and we deal with the AR(1), MA(1), AR(2), MA(2) and ARMA(1,1)
classes.

The classes of the ARMA models here considered are defined for different
values of θ and φ parameters considering the following constraints imposed by
the well known stationarity and invertibility conditions (Wei 1990):

• AR(1) coefficient constraints:

�φ1�� 1 (4)

• MA(1) coefficient constraints:

�θ1�� 1 (5)

• AR(2) and MA(2) coefficients constraints:
��
�

�1 � φ2 � 1
�2 � φ1 � 2
φ2

1 �4φ2 � 0
(6)

• ARMA(1,1) coefficients constraints:
�
�φ1�� 1
�θ1�� 1�

(7)

In order to build the structural subspace, we define a set of time series gen-
erator processes (TSG) by setting a grid of admissible values according to the
constraints in (4) (5) (6) (7). For the ARMA(1,1) class, the grid consists of 325
pairs of ARMA coefficients obtained by varying the values of θ1 and φ1 in the
range ]-1; 1[ with tickness equal to 0.1. In the same way, the AR(1) and the
MA(1) classes consist respectively of 18 TSG, while the AR(2) and MA(2) are
represented by 119 TSG respectively. The total number of considered TSG adds
up to 599.

For each TSG we need to compute its own ACF and PACF values using the
recursive formulas (Wei 1990) and the Durbin-Levinson (Durbin 1960) algorithm.
The number of retained lags is set to 6 so that the reference database stores the
ACF values at the first 6 lags and the PACF values at lags from 2 to 6. This choice
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derives from the consideration that the first 6 lags store consistent information
about the structure of the considered classes of models.

Let F be the matrix (599� 11) of the ACF and PACF values related to the
defined processes. The Structural Subspace (SS) is obtained performing a Princi-
pal Component Analysis on the matrix F. The principal axes are derived from the
following characteristic equation:

F�Fuα � λα uα �α � 1� ����11� (8)

where u and λ are respectively the orthonormal eigenvectors and eigenvalues
of the symmetric squared matrix F�F.

The PCA allows to substitute the “11 original variables” with new variables,
the principal components, obtained as a linear combination of the ACF and PACF
values at each given lag with weights given by the eigenvectors. The principal
components provide the coordinates of each TSG on a reduced dimension sub-
space:

ψα � Fuα (9)

According to the PCA methodology, the variables coordinates are as follows:

ϕα �
�

λα uα (10)

The strong linear relationships among the autocorrelation functions allow to
retrieve on the first plan (α =1,2) most of the information related to the time series
generator processes.

A useful information provided by a factorial analysis is the sum of the eigen-
values. They represent the total variability (inertia) of the 599 TSG in the original
11-dimensional space. In Table 1 the explained and the cumulative variability is
shown for each dimension. The first two dimensions share more than the 80% of
the total inertia so that only few residual information is lost on the first factorial
plan.

On the first factorial plan the 11 ACF and PACF variable-points and the TSG
points can be jointly represented. This plan is defined to be the Structural Sub-
space of the time series (Figure 1).



164 Giordano G., Davino C.

λα % cumulative
variability %

0.3805 54.88 54.88
0.1923 27.74 82.63
0.0569 8.21 90.84
0.0390 5.62 96.46
0.0129 1.86 98.32
0.0069 1.00 99.32
0.0035 0.50 99.82
0.0007 0.10 99.92
0.0003 0.04 99.96
0.0002 0.03 99.99
0.0001 0.01 100.00

Table 1: Total inertia decomposition of the matrix F.
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Figure 1: The Structural Subspace of the time series: the first factorial plan.

The Structural Subspace have to be interpreted according both to the prox-
imity among the ACF and PACF vector points and to their position on the plan. A
further insight is provided by the values of the correlations between each variable



Visualizig and exploring  multiple time series 165

and the factors (Table 2): the higher is a correlation, the larger is the importance
of that variable in explaining the variability of the axis.

Variables Factor 1 Factor 2
ACF1 0.99 0.00
ACF2 0.00 0.96
ACF3 0.92 0.00
ACF4 0.00 0.94
ACF5 0.85 0.00
ACF6 0.00 0.90
PACF2 0.00 0.55
PACF3 0.64 0.00
PACF4 0.00 0.45
PACF5 0.53 0.00
PACF6 0.00 0.44

Table 2: Correlations among the variables and the first two factors.

On the subspace, the TSG-points are represented according to their internal
autocorrelation structure. As a rule of thumb, if a TSG lies in the direction of a
variable vector then the stochastic model is highly characterized by the autocor-
relation function at that given lag. The first axis is mainly explained by the ACF
at lags 1, 3 and 5. It identifies the direction of the processes characterized by high
values of these ACF. The second axis is characterized by the ACF at lags 2, 4 and
6 and by the PACF at the same lags.

The set of all TSGs on the Structural Subspace identifies a region of admis-
sible values for each of the considered classes of models. In Figure 2, 3, 4, 5 and
6 the regions of the space for each of the five classes are individually represented.
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Figure 2: The Structural Subspace of the AR(1) class.
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Figure 3: The Structural Subspace of the MA(1) class.
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Figure 4: The Structural Subspace of the AR(2) class.
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Figure 6: The Structural Subspace of the ARMA(1,1) class.

• The AR(1) region has a curvilinear shape opposing the negative coefficients
to the positive ones on the first axis and the smaller to the larger �φ1� values
on the second axis.

• The MA(1) region has a curvilinear shape opposing the negative coefficients
to the positive ones on the first axis and the larger to the smaller �θ1� values
on the first axis.

• In the AR(2) region φ2 increases from the bottom to the top for fixed values
of φ1. The values of φ1 increases from the left to the right for fixed values
of φ2. Let’s note that the class of AR(2) with φ1 � 0 varies on the second
axis.

• The MA(2) region is placed on the negative side of the second axis and
opposes, on the first axis, negative θ1 values to positive ones for fixed values
of θ2. On the second axis, θ2 increases from the bottom to the top for fixed
values of θ1. Let’s note that the class of MA(2) with θ1 � 0 varies on the
second axis.

• In the ARMA(1,1) region regular patterns of θ1 are clearly highlighted on
the structural subspace for fixed values of φ1. The class of ARMA(1,1)
models shows symmetric and specular shapes with respect to the vertical
axis. For example, the TSG with φ1 = -0.9 and θ1 = 0.6 has coordinates
(-1.35;0.78) while the TSG with φ1 = 0.9 and θ1 = -0.6 has coordinates
(1.35;0.78).
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2.2 OBSERVED TIME SERIES VISUALIZATION

We propose to use the Structural Subspace as a reference map to simulta-
neously visualize and explore many time series. Each observed time series
can be characterized by its sample ACF and PACF and it is considered as a
supplementary row in the F matrix. The supplementary rows are displayed
on the defined SS according to the following coordinates formula:

ψs
α � Fsuα (11)

where Fs are the supplementary rows related to the observed time series.

Each time series is thus represented as a point on the factorial subspace.
The autocorrelation structure of the series gives reason of its position on
the plan. By exploring the representation of the Structural Subspace it is
possible to compare several observed time series by considering both the
distances among them and their position on the ARMA class region. More-
over, the proximity with the ARMA region allows to make a hypothesis on
the model identification and on the coefficients value.

In order to allow a more in depth analysis of the observed series, it could be
interesting to build the Structural Subspace also considering further princi-
pal components (Figure 7). The representation of the supplementary points
on further dimensions allows to highlight processes characterized by un-
known classes of models, i.e. nonlinear or higher order autoregressive linear
models. Interactive tools typical of dynamic graphs such as brushing allow
to explore regions of the SS using different factorial axes. For example, in
Figure 7 points representing the MA(2) class are highlighted.

3. A CLASSIFICATION TREE APPROACH FOR ARMA

MODEL IDENTIFICATION

Exploring an observed time series on the SS could lead to a not unique iden-
tification of the ARMA model. In order to face this issue, a complementary
tool represented by a classification tree is proposed.

3. A CLASSIFICATION TREE APPROACH FOR ARMA MODEL
IDENTIFICATION
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Figure 7: Different Structural Subspaces using the first four factorial axes.
The highlighted points represent the MA(2) class.

A classification tree algorithm is able to find the best classifier of a set of
units starting from a training dataset based on several explicative variables
and one response variable. Starting from the whole set of units, the clas-
sifier provides repeated and sequential splits of units subsets. This process
can be represented by a tree diagram where the root node is the initial set,
non-terminal nodes are subsets of the input total set and the terminal nodes
contain individuals belonging to the same class of the categorical response
variables. Each path from the root node to a terminal node can be repre-
sented in a rule in the form IF� THEN where the values of the explicative
variables belonging to the path are associated to the corresponding class.
Typically the classifier is used to predict what class a new unit belongs to.

The ACF and PACF values retrieved in the matrix F are used as the train-
ing set of a classification tree. It is worth of notice that the peculiar use
of classification tree requires an exact partition of the TSG without making
use of the classical validation of the classifier on a test set. The TSG are
recursively partitioned according to a splitting rule that is a statistical cri-
terion able to decide which one of the autocorrelation functions causes the
best split of the TSG into groups much more homogeneous than the original
set. The final tree has been obtained using the CART (Classification And
Regression Trees) procedure which was proposed by Breiman, Friedman,
Olshen and Stone (Breiman & al. 1984). The final tree is the maximum tree
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because it is build so that all TSG in a terminal node belong to the same
class model. In such a way the obtained classifier produces a full partition
of the considered TSG.

In particular, the tree has 25 terminal nodes. Examples of the rules describ-
ing the results of the classification tree are as follows:

- IF (ACF2��0�125) � (�0�005 � PACF2� 0�005) � (PACF4��0�0050) � AR(1)

- IF (ACF2� 0�33) � (PACF2 ��0�095) � (PACF4��0�005)� AR(2)

- IF (ACF2��0�125)� (0�095�PACF2� 0�105)� (�0�005�PACF4� 0�005)�AR(2)

- IF (ACF2��0�125) � (PACF2� 0�195) � (PACF4 � 0�01)� AR(2)

The whole set of rules will be used to assign one of the considered ARMA
model to new observed series according to their sample ACF and PACF
values.

4. AN APPLICATION ON THE INDUSTRY BUSINESS AND

CONSUMER SURVEY TIME SERIES

In order to discuss the use and the interpretation of the proposed approach,
an application to economical time series is illustrated. The data are from
the Industry Business and Consumer Survey, they consist of monthly data
observed from January 1998 to December 2002; the series have been sea-
sonally adjusted. The considered economical indicators are:

- IPT: Production trend observed in recent months

- IPE: Production expectations for the months ahead

- ICI: Industrial confidence indicator

The three indicators have been individually observed for eight European
Countries. Moreover, an indicator is provided for the Countries of the euro-
area. In total 27 different time series are analyzed. The traditional approach
to time series analysis would consist of a graphical and analytical investiga-
tion of each individual series (Becker 1987) (Unwin 1992) (Newton 1993).
The simultaneous comparison of such a large number of series shows many
drawbacks: i) the typical graphical representation (Figure 8) is quite hard
to interpret; ii) the presence of similar inter-Countries patterns could be
not clearly identified; iii) the model identification phase is strongly user-
dependent and must be carried out for each time series separately.

4. AN APPLICATIONONTHE INDUSTRY BUSINESS AND CONSUMER
SURVEY TIME SERIES
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Figure 8: Comparison of the three economical indicators in the euro-area.

The complete listing of the series and the labels used in the plots are re-
ported in Table 3. For each series we also report the estimated parameters
and the goodness of fitting measure R2 obtained by using the E-Views soft-
ware.

Let’s note that actual times series could not lead to a unique model identifi-
cation, for example the ICI_BE series indicated in Table 3 as an AR(2) pro-
cess (φ1=1.257, φ2=0.329; R2=0.906) could be also identified by an AR(1)
process (φ1=0.945; R2=0.895).

The Structural Subspace allows to simultaneously visualize and immedi-
ately perceive differences and similarities among the series. In this regard,
the 27 series are plotted as supplementary points on the SS (Figure 9) ac-
cording to the (11). In Figure 9 the points representing the AR(1) and the
MA(1) TSG have been highlighted through a solid line.
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Country Label φ1 φ2 θ1 R2

Belgium ICI_BE 1.257 -0.329 0 0.906
Deutschland ICI_DE 0.973 0 0 0.940
Spain ICI_ES 0.942 0 0 0.889
Euro Area ICI_EU 1.583 -0.625 0 0.969
France ICI_FR 0.966 0 0 0.934
Ireland ICI_IE 0.847 0 -0.525 0.269
Italy ICI_IT 0.943 0 0 0.867
Nederland ICI_NL 0.881 0 0 0.772
Portugal ICI_PT 0.902 0 0 0.763
Belgium IPE_BE 0.918 0 0 0.844
Deutschland IPE_DE 1.225 -0.289 0 0.911
Spain IPE_ES 0.706 0 0 0.491
Euro Area IPE_EU 1.239 -0.300 0 0.920
France IPE_FR 0.904 0 0 0.816
Ireland IPE_IE 0.815 0 -0.509 0.218
Italy IPE_IT 0.875 0 0 0.773
Nederland IPE_NL 0.454 0 0 0.210
Portugal IPE_PT 0.642 0 0 0.433
Belgium IPT_BE 0.853 0 -0.360 0.489
Deutschland IPT_DE 0.321 0.496 0 0.574
Spain IPT_ES 0.915 0 0 0.838
Euro Area IPT_EU 1.436 (φ3=-0.480) -0.967 0.923
France IPT_FR 1.456 (φ3=-0.488) -1.123 0.930
Ireland IPT_IE 0.913 0 -0.968 0.205
Italy IPT_IT 0.878 0 0 0.770
Nederland IPT_NL 0.913 (φ3=0.491) 0 0.423
Portugal IPT_PT 0.902 0 -0.542 0.549

Table 3: The BS series identification by using E-views software.
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Figure 9: The BS data set onto the Structural Subspace.
Most of the series tend to lie close to the AR(1) region.

The Structural Subspace showed in Figure 9 gives us useful information
about both the processes structure and the similarity among series in a single
graphical representation. Each series can be studied on the basis of its own
location onto the factorial plan. Their position can reveal useful information
about the underlying generator processes. Most of the series tend to lie close
to the AR(1) region, this is explained by the important role of this class of
processes in describing the time series under study.

Furthermore, some Countries show a similar economical structure directly
revealed by the closeness of the three indicators onto the plan (i.e. France,
Italy and the Euro-area). Other Countries, such as Netherlands and Portu-
gal, make evidence of different behaviours of the three indicators.

Although the identification can be unclear because of the overlapping of
the ARMA regions, the exploration on more than two dimensions can re-
veal further information about the processes. Figure 10 shows the second
(27.63%) and the third factorial axis (8.04%) of the Structural Subspace,
it is evident that most series tend to lie onto the AR(1) region. The joint
analysis of Figure 9 and 10 allows to make comments about some peculiar
series:
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– The IPE_IE, IPT_IE and IPE_NL indicators are very close in the
ARMA(1,1) region. In Figure 10 it is evident their position on the
boundary of this region.

– Three isolated points appear: the IPT_NL series on the background of
the AR(2) region; the IPT_DE which shows a distinct behaviour in the
middle of the AR(2) region near the TSG point (φ1=0.4; φ2=0.4), and
the ICI_EU series located onto the edge of the ARMA(1,1) region.

– The IPE_EU, IPE_DE and ICI_BE indicators are very close in the
AR(2) region. They lie close to the TSG point (φ1=1.2; φ2=-0.3).

Figure 10: The BS data set on the SS (Second and Third Factorial axis).

Finally, we highlight the complementary role that this tool can play together
with traditional techniques of time series exploration. In order to provide a
fast and automatic identification of the whole set of series, the classification
tree defined in section 3 is used. Table 4 shows the ARMA class assigned
to each of the 27 series.

The obtained results can be compared with the individual identification re-
ported in Table 2. The classification provided by the tree matches the iden-
tified models for 19 out of 27 series. Three of the misclassified series were
identified with a significative AR(3) coefficient while the remaining ones
showed poor R2 values.
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Series ARMA Series ARMA Series ARMA
class class class

ICI_BE AR(2) IPE_BE AR(1) IPT_BE AR(1)
ICI_DE AR(1) IPE_DE AR(2) IPT_DE AR(2)
ICI_ES AR(1) IPE_ES AR(1) IPT_ES AR(1)
ICI_EU AR(2) IPE_EU AR(2) IPT_EU AR(1)
ICI_FR AR(1) IPE_FR AR(1) IPT_FR AR(1)
ICI_IE AR(1) IPE_IE AR(1) IPT_IE AR(1)
ICI_IT AR(1) IPE_IT AR(1) IPT_IT AR(1)
ICI_NL AR(1) IPE_NL AR(1) IPT_NL AR(2)
ICI_PT AR(1) IPE_PT AR(1) IPT_PT AR(1)

Table 4: Models assigned to the BS series using the Classification tree.

5. CONCLUDING REMARKS

An explorative approach to the analysis of time series by means of Multidi-
mensional Data Analysis, has been undertaken. Some known properties of stochastic
processes have been exploited in order to define the so called Structural Subspace
of Time Series (SS). Such subspace is obtained trough a factorial decomposition of
a set of “k” lagged global and partial autocorrelation functions. The choice of the
integer k is consistent with the amount of information accounted for the ACF and
PACF in the analyzed ARMA class.

The Structural Subspace enjoys of the optimal synthesizing properties of
factorial techniques and, in particular, of Principal Component Analysis. Onto the
SS each ARMA class becomes a region where each point represents a specific
model identification. These regions are used as a reference target for exploring each
new observed Time Series. An observed Time Series can be displayed on the SS as
a supplementary point and its location is analyzed by comparing proximities among
the neighbouring reference models (Time Series Generators, TSG). The possibility
to visualize a time series as a single point rather than a line plot allows to enhance
the conjoint analysis of a large number of series.

A complementary tool represented by a classification tree is proposed to
obtain an immediate model identification for stationary Time Series. As a further
development, the definition of a measure of distance among series on the SS could
suggest the opportunity for a Time Series clustering approach. Furthermore, the SS
could be widened to comprise non-linear time series.
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LA VISUALIZZAZIONE E L’ESPLORAZIONE DI SERIE STORICHE
MULTIPLE

Obiettivo del lavoro è definire una strategia per la visualizzazione congiunta e l’esplora-
zione di un gran numero di serie storiche. L’approccio proposto si avvale di noti risultati
sulla teoria dei processi stocastici lineari che consentono di definire ciascuna serie in
termini della sua struttura di autocorrelazione. Al fine di analizzare simultaneamente le
serie storiche osservate, nel lavoro viene definito un sottospazio fattoriale dove sono
rappresentate specifiche regioni legate alla classe dei processi ARMA.
Rappresentando ciascuna serie come un punto del sottospazio è possibile confrontare
gruppi di serie tra di loro e valutare la selezione del modello più appropriato in funzione
della prossimità alle diverse regioni della classe di processi considerata. Infine, nel lavoro
viene definito un albero di classi- ficazione basato sulla struttura di autocorrelazione delle
serie che consente l’attribuzione univoca di una serie alla specifica classe ARMA. L’utilizzo
e gli strumenti interpretativi della strategia di analisi proposta vengono mostrati attraverso
un’applicazione su dati economici.


