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It is well known that the simple linear correlation coefficient r admits two interesting
geometrical interpretations as a cosine of an angle. The purpose of this paper is to give a
geometric interpretation of the correlation ratio h along lines parallel to those now mentioned
forr.

Given the centered values V;,X; (i=1,2,...,n) assumed by the quantitative
characteristics (variables) Y, X on n objects (individuals), it is well known that
several geometric interpretations of the simple linear correlation coefficient r are
possible. One of these consists in regarding ¥;.X; (i=1,2,...,n) as vectors, say ¥, X,
in E"and in looking at the cosine of the angle a they form. Alternatively, considering
in E? the concentration ellipse

r

1
z R'z=1, R:{
r 1

}Y-1<r<+1

it can be shown that

cos(T,T,T,) if r>0
| cos(T,T,T,) if r<0

* Based on a research partially funded by CNR.
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Fig. 1, 2.

where T, T, and T,, T, are the intersections of the ellipse, respectively, with the
major and minor axis (cf. Figures 1,2)".

But what about the correlation ratio n? The purpose of this paper is to give a
geometric interpretation of n along lines parallel to those mentioned above for r.

Letus suppose thatn objects are classified accordingtogvaluesy,,....y,,....y,
ofavariable Y andto p attributesa,...,a,,... a, of a qualitative characteristic A. The
results are usually summarized as in Table I, in which n,, (h=1,2,...,p; k=1,2,...,9)
denotes the number of objects taking the attribute a, of A and the value y, of Y and

q p p q
Np.= > N >0, ne=>n, >0, dn.=>n,=n
h=1 h=1

k=1 k=1
Setting
q q
YkMhk 2 Vi
y, = k=t |y = ket

Ny, n

" In these interpretations it is assumed that E" and E? are Euclidean spaces with scalar
products represented — with respect to the natural bases of E" and E? — by unit matrices
of appropriate order.
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Tab. I.
A Y Totals
y1 yk yq
a1 rl11 n1k 1q n1
ah nh1 nhk nhq nh
a, n, Ny n, n,
Totals n., n., n., n

the correlation ratio h is defined by the expression
112
— 32
(Vo= ¥) 1.
—\2
(Yk - Y) N.y

and interpreted as the square root of the ratio between the “interclass” variance and
the total variance.

p
2
n= h:1
2
k=1

In order to obtain a geometric interpretation of n, let us consider Table |l
where, besides Y, we havethe new variables X ..., X,.... ,Xp. X, (h=1,2,...,p)denotes
the variable “number of times with which the attribute a, of Ais present in an object”,
and hence

X, = value taken by X, on the ith (i=1,2,...,n) object
1 if the ith object takes the attribute a, of A
|0 otherwise.

In turn,
y, = value taken by Y on the ith object.
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Tab. Il
Objects X, X, X, Y
1 X4 Xin Xip Y
X|1 th e X|p yl
n X, X0 X Y,
Totals n,. n,. n. ny

Of course, since there is a one—to—one correspondence between Table | and
Table Il, their informative contents are the same.
Moreover, writing

X14 Xih o X RZ
X =] Xy Xin Xip |, Y=1Yi
| Xn1 Xoh o Xnp | | Yn |
we have
u X:[n1....nh_...np.] , u'y=ny

where u' =[1...1...1].
Therefore, the centered matrix and vector, corresponding to X and y, are

n

)~(=X—u1u'X=X—u{&...
n

Notice that — since we have assumed n,.> 0 (h=1,2,...,

np.

n

——} , Y=Yy-—uy.

r()N()=p —1: thus, X is not of full column rank.

p) — r(X)=p < n and

With these premises, we are in a position to give a geometric interpretation
of n. Firstly, let

S(u) : the vector space spanned by the vector u;
S(X) the vector space spanned by the column vectors of X;
S(X) the vector space spanned by the column vectors of X;
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and
P(u) : the orthogonal projection matrix onto S(u);
P(X) : the orthogonal projection matrix onto S(X);

P()~(): the orthogonal projection matrix onto S(X).

Then, since S(u) and S()~() are orthogonal complements in S(X)®, V x € E"
we have
PuX = Py + Py x
and hence
P, = Px — P = X(XX)"'X'-u(u'u)"'u".
Therefore, the orthogonal projection y of y onto S(X) is given by

Yi—Y

y=X(X'X)"'X'y-u(uwu)uy =XV, -V |

Now, denoting by o the angle between the vectors y and f, , itis very easy to

show that cos?a is just n2
In fact, since (XX =diag [n,... n, ... n1)

|
|
Mo

Y=[V1=9Fn =V Vo =V X To =T | = (V0 - 9)’ i

2 Actually, for Va e Rand v b € R°, we have
() X =X +ulu'X = Xb = Xb +u([n1_4..nh'...np_]b)
n
(ii) au'X b=0;
then, S(X)=S(u)®S(X ) and S(u)18(X
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and
V'V =(y-uy)(y-uy)=y'y-uny’ = i(yk -9)’n,,
we have® a
cos’ o = g =1’
yy
5.

Another geometric interpretation of n is easily obtained by considering in E2
the ellipse

’
zZN'z=1, N:{ ﬂ 0<n<+1
n

Denoting by d and D the lengths of the minor and major axes of the ellipse (cf.
Figure 1), since

d=2\1-n , D=21+n

we have
d2
D?-d? Tpr 1=t
]’] = = = .
D? +d? d® 1+t?
+—
D
Butt=d/D =tan (T,T,T,/2); thus,

n = cos(T,T,T,).

Of course, if the angle T,T. T, is rectangular then the correlation ratio is 0. In
turn, narrow ellipses correspond to angles close to 0 and, therefore, to correlation
ratios close to +1.

3 Notice thatthis is equivalent to the squared multiple linear correlation coefficient between
Y and the set of variables X,,...,.X,, .. .,Xp.
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SUMMARY

E ben noto che il coefficiente di correlazione lineare semplice r ammette due
interessanti interpretazioni geometriche come coseno di un angolo. Lo scopo di questa nota
équello dimostrare la possibilita diinterpretare in termini analoghiil rapporto di correlazione n.



