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Abstract

Histogram data are usually used to represent complex phenomena for which is known
not only the range of variability but even the inner variability. Several authors  have
proposed methods to analyze histogram data taking into account frequencies or density
probability. In this paper we propose a different way to analyze histogram data. The idea
is to take into account histogram shape. In doing that we approximate histogram by a
suitable mathematical model and we use model parameters to analyze phenomena
described by means of histogram data. In particular, we will show how to transform
histogram data in model data and subsequently how to do a cluster analysis on this data.
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1.  INTRODUCTION

Traditionally, real-valued vectors have been used to model participants of a
specific domain. If n individuals are evaluated by m variables, then a n × m matrix
will hold all the relationships between them. However, the real world is too complex
to be described in this relatively simple tabular model and the use of single valued
variables could lead to a loss of information. For example, daily temperatures
registered as variation between minimum and maximum values should provide a
more realistic view of weather conditions than daily average value. In order to deal
with more complex cases, the use symbolic data can be useful (Bock et al., 2000).
In particular, we focus our attention on histogram data that allow to describe a
phenomena in term of range of variation and frequency distribution.

Techniques developed up to now to analyze relations among histograms are
based on probability density or on cumulative frequencies of the histograms (Irpino
et al., 2006; Rodriguez et al., 2000; Verde et al., 2006). We propose a new way to
treat with histograms (Marino et al., 2008): since histogram data are empirical data
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containing sampling and measurement errors, we transform a histogram through a
suitable function, in order to take errors under control, and then we analyze function
parameters. It all derives from the need to work, not only with empirical values but
with functions that are able to smooth histogram and give us the possibility to omit
values that could be outlier.

According to the classical theory of measure, the data generated by a “correct”
model are more “real” than the empirical one, because they are purified from
sampling error and from error of measurement. Several statistical techniques for
exploring a data structure are naturally interpretable in the context of the following
operational model (Caussinus, 1986): Data=Structure+Noise, in which a random
part is combined with a structural one. In our context the structural part is specified
by a mathematical model and the random part by an error term. Thus we can
reformulate the operational model as:

DATA=MODEL+ERROR (1)

so we may actually consider working on the model and keep the error term under
control at the same time. Therefore, provided that our data have been suitable
processed as a function (or mathematical model), the function parameters and an
index of goodness of fit become the metadata to use for the extraction of knowledge.

In section  2 we introduce a new type of symbolic data, “model data”, that take
into account parameters of model used to approximate histogram data in order to
retain information about shape, location and size of that data. In section 3, in order
to perform a hierarchical classification on model data, we face up to problem of
distance among model data. In section 4 an application on real data is carried out.
Some concluding remarks ended the paper.

2.  MODEL DATA

In the specific case of Histogram Data, paradigm (1) can be substantiate in
operative way in the following assertion:

HISTOGRAM=MODEL+ERROR.

Therefore we transform the data represented by a histogram to a model that
synthesizes the shape of distribution with a certain error, obviously depending on
the kind of approximation. We are looking for the best trade-off between model and
)error.

The aim is to use Multidimensional Data Analysis on a particular kind of data
structure. This data structure represents model described by a set of parameters and
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an error term. In order to apply data analysis we have to define a homogenous data
set. Therefore all the histograms will be approximated by means of functions
belonging to the same family.

The best trade-off concerns the choice of the model, or better the choice of
parameters to use in the approximation, and the error term due to the approximation
(De Boor, 1978). Therefore, the first step is to choose a suitable function for the
approximation procedure. Among approximation functions, we choose to use
spline functions  because of the simplicity of their construction, their easiness and
accuracy of evaluation, and their capacity to approximate complex shapes through
rather smooth curve. In particular, we focus our attention on B-splines that are
spline functions that have minimal support with respect to a given degree,
smoothness, and domain partition.

The B-spline functions of degree p compose a base in the subspace of all the
spline functions of degree p. Actually, a spline function of degree p, defined on a
knots set { tk} k = 0,…,n, can be expressed as a linear combination of B-spline functions
Bi,p on the same knots sequence { tk} k = 0,…,n:
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where Pi are m+1 control points and are the parameters of our model, and the B-
spline functions are built in the following way:
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Since we want to obtain a spline function that approximates the histogram
except an error term (approximation error), the starting point is to define a way to
compute the error. Our idea is to consider measuring the error as the sum of the
squares of the differences between the histogram bar area and the spline function
area. In this way we build the objective function to minimize in order to find out the
optimal sequence of knots. So we have to solve the following bound-constrained
optimization problem:
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where Li, Ri and h(i) are respectively left edge, right edge and height of the i-th bar
and H is the number of histogram bars. In a trivial case, it is possible to achieve a
spline function that perfectly fits the histogram shape in order to get an approxima-
tion error equal to zero but with a large number of parameters (i.e. the number of
histogram bins). The procedure is illustrated in Matlab Spline Toolbox1. For our
purpose this procedure would be useless because we would simply deal with the
frequencies of the related histogram classes.

The idea is to get a priori a smaller fixed number of parameters equal for all
histograms and thus to obtain different approximation errors. So the best arrangement
is to find the number of parameters to fix. According to some experimental results,

we set the number of knots inside the interval int , intH H

2 2
1 1( ) − ( ) +



 , where H is

the number of histogram bars, and later work out a suitable index of goodness of
fit that allows us to know the approximation quality. The location of knots should
be established in terms of the best fitting function according to (2). In that way we
are going to get a different knots sequence for each histogram and for this reason
the B-spline parameters (i.e. the control points) will not be comparable. To obtain
comparable parameters we have to build spline on the same knots sequence. So,
first of all, we translated all histograms in the interval [0,1]. In doing that
transformation histogram shape as well as approximated curve do not change
thanks to affine invariance property of B-spline curve. Moreover, since we can not
determine an optimal knots sequence for every histogram, we compute a new knots
sequence as average of the optimal knots of each histogram. Finally, we will build
an approximation spline function for each histogram starting from the knots mean
sequence. After that, we have comparable parameters of B-spline (i.e. control
points) and an index of goodness of fit (I), given by the minimum of objective
function in (2) for each variable. So we hold information about histogram shape.

1 For more information see Matlab website:
http://www.mathworks.com/products/splines/demos.html?file=/products/demos/shipping/splines/
histodem.html
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However, being histogram a symbolic information, it is characterized not only by
shape but even by location and size. Information about histogram location come
from a=(max(x)+min(x))/2, while the information about the size come from the
width of  the wole interval that is b=max(x)-min(x). All information can be collected
in a block matrix as shown in table 1.

Tab. 1: Table of model data parameters.

Variable1 Variable 2 … Variable p

Unit 1 p111,p112,p113,I11,a11,b11    p121,p122,p123,I12,a12,b12 … p1p1,p1p2,p1p3,I1p,a1p,b1p

Unit 2 p211,p212,p213,I21,a21,b21    p221,p222,p223,I22,a22,b22 … p2p1,p2p2,p2p3,I2p,a2p,b2p

: : : : :

Unit m pm11,pm12,pm13,Im1,am1,bm1    pm21,pm22,pm23,Im2,am2,bm2 … pmp1,pmp2,pmp3,Imp,amp,bmp

3. CLUSTER ANALYSIS FOR MODEL DATA

One of the common tasks in (classical as well as symbolic) data analysis is the
detection and construction of “homogeneous” groups (C1, C2, …) of objects in a
population E in such a way that objects in the same group show a high similarity
whereas objects in different groups are typically more dissimilar. Such groups are
usually called “clusters” and must be constructed on the basis of (classical or
symbolic) data which were recorded for objects. Cluster Analysis is a collective
name for a range of mathematical, statistical or algorithmic methods for subdividing
the total set E into homogeneous clusters. Methods can be classified according to
various criteria such as: kind of data, clustering criterion, classification structure,
algorithm, etc. Clustering structures (partitioning, hierarchical, and pyramidal
clustering) are based on dissimilarity measures. In order to cluster model data we
need to define a distance measure. The idea is to use the Inter-Models distance
proposed in (Romano et al. 2006) and generalize it to our kind of data. The Inter-
Models is based on a linear combination of two distances embedding information
both on the estimated parameters and on the model fitting. This distance is able to
take into account both the analytical structure of the models - through the difference
between the estimated parameters – and the information about the model fitting –
through the difference between the indexes of goodness of fit related to each pair
of models. They consider a collection of models  M = (m1,…, mj, …, mJ), for each
of which are known N information wi. The first (N-1) values are the model
parameters, the N-th value is the information related to the model fitting. Distance
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between two models mj and mj´ is defined in the following way:

IM m m IM IMj j
p r, |′( ) = + −( )λ λ λ1

with λ ∈ [ ]0 1, . The IM measure is a convex combination of two quantities IMp and
IMr, where IMp is the L2-norm between the estimated parameters:
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The value of λ plays the role of a merging weight of the two components  IMp

and  IMr. In the trivial case when λ =1 the distance IM m mj j, ′( )λ  is defined as a

function of the model coefficients. The strategy proposed to identify a suitable λ
consist in replicating the classification phase (carried out with a hierarchical
classification technique based on the IM distance and the Ward’s aggregating
criterion) for different value of λ and  in choosing the value of λ   that realize the
best tree structure in the sense of Cophenetic Correlation Coefficient. This coefficient
measures the linear correlation between the original IM distance and the linkage
distance provided by the tree structure, it allows to measure how the data fits into
the hierarchical classification tree. As usual, the number of clusters is chosen by
exploring the hierarchical tree structure.

3.1  DISTANCE BETWEEN MODEL DATA

As said before, our model data, are characterized by the B-spline control
points (p0,…, pm), the index of goodness of fit (I), information about location (a)
and size (b) of histogram. So we have to reformulate the Inter-Model distance for
Model Data as the sum of 3 components:
1. a convex linear combination of two quantities, the control points and the error

term;

2. a L1 distance between the location terms;

3. a L1 distance between the size terms.

In this way we obtain the following distance between models mj and mj´ :
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Moreover, let us notice that the Model Data building give us a p block matrix
where each block can be seen as a data collection M. So, we have to generalize the
distance (3) in the case of multi-block. This can be done considering the following:
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where the coefficients λh are individually optimized to define the best distance
which discriminates among individual models, for each variable. The procedure
consists of H subclustering as shown in according to paper (Romano et al., 2006)
for determining the best λ for each group of variables and then use (4) in hierarchical
classification.

4. APPLICATION

We have considered a dataset representing the sequential “Time Biased
Corrected” state climatic division monthly Average Temperatures recorded in the
48 states of US from 1895 to 2007 (Hawaii and Alaska are not present in the
dataset)2. Starting from original data, we built histograms by pooling occasions
(years). Of course, we need to have histogram with the same number of classes, so
we decide to construct histograms of 8 bars. This number comes from Sturges

formula (Sturges, 1926): H n= + 1 2log  where H and n are the number respec-

tively of classes and occasions. Afterwards, histograms are translated in interval
[0,1]. Finally, a new data matrix is obtained where in each column there is a
histogram variable.

Histogram data are then approximated by means of B-spline curves (see
histograms in Fig. 1). For our data we choose to compute B-spline  on five knots,
two knots are fixed to the extremities, while the others are computed as average of
optimal knots obtained for each histogram through the optimization process (2).

We can now transform again data matrix. Each histogram is substituted by
parameters of model data. We obtain a matrix of 12 blocks (one for each month) of
order 48x6 where 48 is the number of states considered and 6 is the number of
parameters (see table 2). The first three parameters are the B-spline control points
and give us information about the shape, the fourth parameter is the error term, the
fifth and the sixth are the location and the size of the histogram.

2 The original dataset is freely available at the National Climatic Data Center website of US http:/
/www1.ncdc.noaa.gov/pub/data/cirs/drd964x.tmpst.txt.
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Tab. 2: Block matrix of  parameters .

January February … December

Alabama c.p. -0.001, 0.591, -0.081 -0.028, 0.482, 0.056 … 0.029, 0.689, -0.139
err. 9.48E – 5 6.01E – 5 … 5.76E – 4
loc. 46.80 47.95 … 47.25
size 27.00 20.70 … 18.30

. . . . . .

. . . . . .. . . . . .

Wyoming c.p. -0.124, 0.569, 0.146, -0.003, 0.287, 0.211 … 0.050, 0.279, 0.101
err. 2.99E – 4 8.72E – 5 … 5.51E – 4
loc. 16.65 21.50 … 19.95
size 25.50 21.80 … 21.50

We, then, apply cluster analysis to this data matrix. The analysis consists of
the following steps:

• for each block of data matrix

1. setting a grid of h values for the value λ, with the constraint 0.2 <λ <1  and
increments of 0.1;

2. computing, for each λi, i =1,…,h the distance measure (3) among all pairs of
the 48 models for month;

3. building h tree structures according to the Ward aggregating criterion;

4. obtaining, for each tree structure, the value of the cophenetic coefficient;

5. choosing  the value of λ such that the cophenetic coefficient is maximum;

Fig. 1: Matrix of histogram data approximated by B-spline.
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• for the whole data matrix:

6. computing the distance matrix using  the distance measure (4) based on λ
values computed in step 5;

7. performing a hierarchical clustering procedure based on the Ward criterion.

The relative tree structure obtained applying the procedure described above is
shown in figure 2.

We have identified 5 groups:
Group 1: South Dakota, North Dakota, Minnesota;

Group 2: Wyoming, Montana, Wisconsin, Michigan, Vermont, New York, New
Hampshire, Maine, Rhode Island, Massachusetts, Connecticut,
Washington, Oregon, Utah, Nevada, Idaho, Colorado;

Group 3: Nebraska, Iowa, Missouri, Kansas, Indiana, Illinois;

Group 4: Pennsylvania, West Virginia, Ohio, New Jersey, Virginia, Maryland,
Delaware, North Carolina, Tennessee, Kentucky, Oklahoma, Arkansas,
New Mexico, California, Arizona;

Group 5: Florida, Louisiana, Texas, South Carolina, Georgia, Mississippi, Alabama.

In  figure 3 is shown a map of United States where states belonging to different
classes are coloured in different way. The main results seem to be consistent with
the geographic characteristics of the cluster states.

Fig. 2: Dendogram of model data.
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5.  CONCLUSIONS

To classify symbolic models it becomes relevant to define an adequate
distance. The proposed distance (3) is the sum of three distances regarding the three
characteristics of a symbolic data, the first addend refers to the shape the second one
to the location and the third one to the size of the histogram. In this definition not
only the comparison of the parameters of each symbolic model becomes relevant,
but also their grade of adjustment to the histograms for which the first component
is a convex combination of parameters regarding the shape and the approximation
error. In our proposal equal importance has been given to the three addends, but that
does not exclude that these weights can be defined by the researcher, based on the
problem to analyze. For example, if we were interested in studying a classification
based solely on shape we could ignore the other two components. A further
development could be to search for optimal weights that respond to the need of more
internally homogeneous symbolic models but maximally different among
themselves.
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CLASSIFICAZIONE GERARCHICA DEI DATI
AD ISTOGRAMMA UTILIZZANDO UN APPROCCIO

BASATO SUI “MODEL DATA”

Riassunto

I dati ad istogramma vengono solitamente utilizzati per rappresentare fenomeni
complessi nel caso in cui si hanno informazioni riguardanti il campo di variazione del
fenomeno e la sua variabilità interna. I metodi finora proposti per analizzare questo tipo
di dati si basano essenzialmente sulle frequenze o sulle densità di probabilità. In questo
lavoro si propone un metodo differente per trattare i dati ad istogramma. L’idea è quella
di utilizzare le informazioni derivanti dalla loro forma. A tal fine, si propone di approssi-
mare gli istogrammi attraverso opportuni  modelli matematici ed utilizzare i parametri dei
modelli per analizzare il fenomeno oggetto di studio. In particolare, in questo lavoro si
mostra come trasformare i dati ad istogramma in “model data” e successivamente come
effettuare una classificazione dei dati trasformati.


