
Statistica Applicata Vol. 20, n. 1, 2008 5

PARALLEL NETWORKS FOR
COMPOSITIONAL LONGITUDINAL DATA

Massimo Aria

Dipartmento di Matematica e Statistica, Universitá degli Studi di Napoli Federico II,
Via Cintia, Compl.so M.te S.Angelo, 80126 Napoli (Italia)
e-mail: aria@unina.it

Abstract

This paper provides a new approach to longitudinal data analysis introducing the
parallel neural network. Furthermore, is defined a general schema about constraints on the
network parameters to deal with compositional data. Finally, we propose an algorithm to
solve the identification problem of the parallel network according to the characteristics of
longitudinal data1.
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1. THE FRAMEWORK

1 Acknowledgements: Author is grateful to useful comments and remarks of Professors R. Siciliano
and A. Mooijaart.

Longitudinal data can be defined as data resulting from the observation of subjects

(human, animals, organization etc.) over time/space . This definition implies the

collection of repeated measures, i.e. the observations are collected in a certain

number of occasions.

Quite a number of statistical techniques have been developed over the years for

the analysis of longitudinal categorical data collected in behavioral and social re-

search. Many of these methodologies are generalizations of models for the anal-

ysis of a classical two-way data matrix. In particular, several longitudinal exten-

sions to optimal scaling techniques were proposed in the last decades. Among

them, we remember the Gifi-System (Gifi, 1990) and the State-Space Model (Ho
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et al.,1966). The first approach uses optimal scaling for quantifying categori-

cal variables, while the second model discovers the dependence of the indicator-

variables (physiological, behavioral, etc.) on the situational variables summariz-

ing the different time or situations in which the data are collected.

2. THE KEY IDEA

In this paper we consider a Neural Network approach. A network is represented

by a set of units named neurons which are linked together in a particular form,

through weights of different intensity that allow it to solve a particular problem.

The neuron is the basic element of a neural network: it elaborates a given num-

ber of operations in input in order to produce one single output. The input can

be obtained by either external source or stimulus induced by other neurons of the

network; the outputs represent either the final results of the network or the in-

puts for other neurons. A generic neuron can be showed graphically by a circle

whereas the connection between a couple of neurons by a direct arrow which is

the direction of the information flow (Beale and Jackson, 1966) (see fig. 1).

2. THE KEY IDEA

Fig. 1: A graphical representation of a neural network.
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A general formalization of a neural network can be the following:

Let j the generic neuron of a network formed by N units

y j = f (X ,Wj) = f (Pj) = f

(
n

∑
i=1

xiwi j

)
(1)

f is the transfer function, Pj is the potential, the activation state or the net in-
put of a generic neuron (depending on the type of connection existing among the
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elements of the net). The j−th column of the matrix W , Wj = {w1 j, ...,wn j} rep-

resents the set of weights measuring the intensity of the connection and the role

played by the the inputs matrix X in the j−th neuron.

This kind of method was born in engineering field but in last years it has been con-

sidered from statistical researchers to obtain a unique schema to generalize several

methodologies and to simplify the interpretation of model parameters. Some ex-

amples of the possible use of a neural network to define a statistical technique are:

Multiple regression, Binary Segmentation, Discriminant Analysis, etc. (super-
vised approach); Principal Component, Cluster Analysis, Correspondence Anal-

ysis, Kohonen Maps, etc. (unsupervised approach).

In three-way matrix field, we propose a parallel neural network for the analysis of

longitudinal categorical data with constant row-sum, using a learning algorithm

based on a simultaneous latent budget model (SLBM) (Siciliano and van der Heji-

den, 1994). This network assumes different forms depending on the structure of

data and on the known-relationships across the subjects, the variables and both

simultaneously.

A parallel analysis of a longitudinal data matrix should be led following several

possible directions according to the considered across-group homogeneity con-

straints. Particularly, three different constraints can be defined: a) homogeneity
across rows; b) homogeneity across columns; c) total homogeneity. In the next

section, we explain how these constraints can be defined to deal with the compo-

sitional data characteristics. In this way, the proposed parallel model takes into

account the links above the data across the variables considered in different times.

3. THE PARALLEL NETWORK DEFINITION

3.1 COMPOSITIONAL DATA

A matrix P of compositional data, with I rows and J columns, is a table formed

by nonnegative elements and its rows add up to 1. These two special conditions

are well-known in literature as the nonnegative constraint and the sum constraint,
respectively. A row of the matrix is called a composition or a budget, and its

elements are called components.

Let F an I × J raw data matrix with nonnegative elements. The elements of F
are denoted by fi j (i = 1, ..., I; j = 1, ...,J), the row marginals of the matrix are

denoted by fi+.

Compositional data are formed by dividing the raw data by their corresponding

row marginals.

( )
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3.2 THE SIMULTANEOUS LATENT BUDGET MODEL

Let the generic frequency denoted by fi j (i = 1, ..., I; j = 1, ...,J), then

p j|i = fi j

∑ j fi j
= fi j

fi+

The subscript "‘i| j"’ means that the components p j|i can be considered as condi-

tional proportions.

Today, compositional data play an important role in several fields such as econo-

metrics, geology, social sciences, food sciences and chemometrics. Due to the par-

ticular form of compositional data (negative bias, constant-sum, non-normality),

frequently used statistical techniques such as multiple regression, analysis of vari-

ance, factor analysis, discriminant analysis and principal component analysis, that

are based on the analysis of the correlation matrix or covariance matrix, are not

able to describe the underlying structure of the data.

To overcome this matter, in the present work a Parallel Neural model is defined in-

troducing the Simultaneous Latent Budget model (Siciliano and van der Heijden,

1994), showing how this methodology can be gainfully employed as alternative to

the back-propagation algorithm to learn a sequence of double-layer networks, so-

called parallel networks, using compositional data or, more generally, data with

constant row-sum.

A Simultaneous Latent Budget Model is a reduced-rank probability model to

decompose a series of T tables of compositional data observed in different times,

considering the constraints across the rows or columns defined on the data.

Let F a three-way contingency table formed by the cross of variable X and the

variable Y , with I and J modality respectively, collected in different times T .

Then the matrix F can be understood as a sequence of T juxtaposed two-way

contingency tables F ≡ [FI×J(1)|.....|FI×J(t)|.....|FI×J(T )
]
.

Let P(t) a compositional data matrix obtained from the matrix F(t)

P(t) = D−1
(t) F(t) (2)

where D(t) is a I × I diagonal matrix with generic element di(t) = p(t)
i+ , and p(t)

j|i is

i−th conditional proportion, at time t, so that ∑J
j=1 p(t)

i j = 1.

The tree-way compositional matrix P is obtained juxtaposing the T tables P(t) so

that P ≡ [PI×J(1)|.....|PI×J(t)|.....|PI×J(T )
]
.
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The aim of SLBM is to approximate the generic matrix P(t) of observed budgets

through K latent budgets (with K ≤ (minI,J)) obtained as the combination of an

I ×K matrix A(t) of mixing parameters and an J ×K matrix B(t) of latent compo-
nents satisfying restrictions likewise conditional probabilities.

Formally

P(t) ≈ Π(t) = A(t)B
′
(t) (3)

with the linear constraints

of variable Y(t) falls into the k−th latent budget. The SLBM can be considered in

a different point of view through the following formulation:

Π(t) = A(t)B
′
(t) = D−1

X(t)X
′
(t)Y(t) (4)

where X and Y represent the complete and disjunctive coding of the variables

forming the raw matrix F(t).

Following a supervised approach, it si possible to formalize the parallel neural

network as

Y(t) = X(t)A(t)B
′
(t) + ε(t) (5)

where ε(t) is the error term.

Considering the identity function as the activation function, it is easy to under-

stand why the (5) can be seen as a double-layer neural network with linear con-

straints. The matrices A(t) and B(t), which in this case are respectively the weight

matrices of the first and the second layer of the t-th network, are estimated by the

weighted least-squares method (Siciliano and Mooijaart, 1999) minimizing the

loss function

f = SSQ
(
W(t)(P(t)−A(t)B

′
(t))
)

(6)

A(t)1K = 1I

and

1
′
JB(t) = 1K

for t = 1, ....,T .

The components of A(t) and B(t) matrices can be interpreted as conditional prob-

abilities. Particularly, the mixing parameter a(t)
k|i represents the conditional prob-

ability that the i−th modality of variable X(t) falls into the k−th latent budget,

while the latent component b(t)
j|k is the conditional probability that j−th modality
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for t = 1, ..., t, ...,T , where W(t) = D1/2

(t) is the diagonal matrix of the row marginal

frequencies of F(t).

To deal with the compositional data, different constraints can be defined on the (6)

to obtain several types of parallel models according to the relationships among the

data.

This concept is summarized into the following schema and into the figure 2:

a) Homogeneity across rows A(t) = A.

By imposing these constraints, a parallel double-layer network with equal
weights in the first layer of each network are defined. In the SLBM ap-

proach this means that the data are characterized by the same set of mixing

parameters in each P(t) matrix.

The (6) becomes f = SSQ
(
W(t)(P(t)−AB′

(t))
)
.

Fig. 2: A graphical representation of the general schema of the Neural Parallel  Network
constraints
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where A� = AZ−1, B�′ = ZB′ and Z is a K ×K matrix with generic element zcd .

The row sum of Z is constant equal to ∑K
d zcd = 1 (c = 1, .....,K) to ensure the

respect of linear constrains of A and B. This means that there are infinite K ×K
matrices Z which give infinite different matrices A� and B� for the same matrix Π.

Some methods have been proposed in order to solve the identifiability problem.

We distinguish two main ways. The first one is focused on the identification of

the model via Active Constraints Method (de Leeuw et al., 1990 and Mooijaart

et al., 1999) using a constrained estimation algorithm to find the identified model

solution. Based on the geometrical properties of LBM, the second approach lies

to searching the matrix Z that maximizes (extreme outer solution) or minimizes

(extreme inner solution) the distance among latent budgets through the optimiza-

tion of a criterion (van der Ark et al., 1996, 1999). This is equivalent to choose

the B� that contains the extreme outer (or inner) latent budgets identified in the

space of possible solutions.

In this paper, we extend the algorithm, called Stabilizing Algorithm (Aria et al.,

2003), to identify an unique solution for the parallel network parameters within

c) Total homogeneity A(t) = A; B(t) = B.

In the last case, the parallel network has a structure characterized by having

the same weights in each P(t) matrix, for the first and the second layer si-

multaneously. In the SLBM approach, the mixing parameters and the latent

budget are equal across the T dimension.

The (6) becomes f = SSQ
(
W(t)(P(t)−AB′)

)
.

A problem, well known in literature, is that the Latent Budget Model is not iden-

tifiable. In this case, it means that the Weighted Least-Squares estimation method

produces identified solution for Π but not for A and B. Using the matrix notation

to explain the identifiability problem of LBM:

Π = AB′ = AZ−1ZB′ = A�B�′ (7)

4. THE IDENTIFICATION ALGORITHM

b) Homogeneity across columns B(t) = B.

In this case, we define a parallel network with equal weights in the second
layer of each network. In the SLBM approach, the sequence of models are

characterized by the same latent budget structure for the T tables.

The (6) becomes f = SSQ
(
W(t)(P(t)−A(t)B′)

)
.
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right solution. The external procedure guarantees the ability of the algorithm to

walk out of the local optima, choosing in each iteration a different search direction

through the recurrence of the internal procedure (see fig. 3).

5. THE MODEL COMPLEXITY

The choice of the model complexity, in latent budget analysis, consists of deciding

how many latent budgets are necessary for an adequate description of the data

structure.

A good criterion, that does not require any distributional assumption and ignore

the sample size, is the index of dissimilarity D proposed by Clogg and Shihadeh

(Clogg and Shihadeh, 1994).

In the context of latent budget analysis, D is

D = ∑
i

∑
j

fi+

2

∣∣π j|i − p j|i
∣∣ (10)

the van der Ark approach. The key idea is to use a method based on the struc-

ture of the class of Metropolis algorithm (Metropolis et al., 1953) to identify the

optimal solution choosing the matrix Z, which maximizes the sum of chi-square

distances among the latent budgets, that is

fZ = min
Z

(
Q

∑
q=1

δχq2

)−1

(8)

where Q =
(

K
2

)
is the combination of K elements taken two at time, and

δχ2 =

√√√√ J

∑
j=1

(b�
j|k −b�

j|k′)2/ f+ j (9)

is the chi-square distance between k-th and k’-th latent budget. The algorithm is

structured into an external and an internal routine. The internal routine consists of

the selection of the direction to search the optima under the given criterion. This

search continues exploring the way in a certain number of iterations depending on

a tolerance parameter tol, which decreases in each iteration. The updated matrices

A(t) and B(t) are checked to ensure the respect of the linear constraints. In this way,

just the appropriate changes are considered to direct the algorithm through the

5. THE MODEL COMPLEXITY
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Fig. 3: The Stabilizing algorithm to identify the SLBM solution.

STABILIZING ALGORITHM

Step 1. (Start External Routine)

Let Z It( )
( )0 = κ for  t = 1,…, T   (starting from the unidentified solution);

Let num = 1num,  deltanum = constant < 1  and r = 0;
Compute A(t )  and  B(t ) through the (6);

Step 2 . (Start Internal Routine)
Let tol = constant < 1  and  delta = constant < 1;

Step 3.

Compute � �A A B Bt
r

t t
r

t
r

t
rZ Z( )

( )
( ) ( )

( )
( )
( )

( )
( ),= =− ′1  and f (r);

Step 4.

Select randomly two elements of Z t
r

( )
( )  (taken in the same row) for t  = 1,…,T;

Compute Z t
r

( )
( )+1 :

• Add + tol to the first element;
• Add – tol  to the second element;

Compute �A A Zt
r

t t
r

( )
( )

( ) ( )
( )+ − +=1 1 1  and �B Z Bt

r
t
r

t( )
( )

( )
( )

( )
+ += ′1 1 ;

If �A t
r

( )
( )+1  and �B t

r
( )
( )+1  do not respect the defined constraints:

• Z Zt
r

t
r

( )
( )

( )
+ =1 ;

•   f (r+1) =  f (r);
•  Go to step 6 ;

else compute  f (r+1) ;
tol = tol × delta  and  r = r  +1r;

Step 5.
If  f (r+1) ≥  f (r):
•  f (r+1) =  f (r);

• Z Zt
r

t
r

( )
( )

( )
( )+ =1 ;

Step 6. (Stop Internal Routine)
r = r  +1r ;
If tol ≥ 0.001 goto step 3
Else go to step 7;

Step 7. (Stop External Routine)
num = num ∗  deltanum;
End when  num < 0.01 else goto step 2
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There are several application fields in which the Parallel neural network can be

applied with good results. In particular, this methodology allows to learn a net-

work that takes into account, simultaneously, the links among the data along the

time in all grounds where this matter is crucial.

In this section, an application about the time spent by people is proposed to show

the SLBM methodology. The data come from a Dutch time-budget research

project of the Sociaal en Cultureel Planbureau (Knulst and van Beek, 1990).

The data regard three surveys collected in 1975, 1980 and 1985 with N = 1650,

N = 5059, N = 6035 respondents, respectively. The subjects, with an age > 12

years, were asked to write down how many minutes they had spent in one week on

152 mutually exclusive activities covering the total time (10080 minutes). These

activities are aggregated into 18 main activities showed in the table 1.

The respondents have been cross-classified by gender and age istances.

The aims of the analysis consists in the description of the different typologies of

6. THE APPLICATION

time-budget, their characterization respect to the subjects, and the links among the

time.

Tab. 1: The macro-activities considered in the analysis.

Activities

1. paid work 7. sleeping 13. gardening, taking care pets

2. domestic work 8. education 14. outside recreation

3. taking care of family 9. participation 15. tv, radio, audio

4. shopping 10. social contacts 16. reading

5. personal needs 11. going out 17. relaxing

6. eating and drinking 12. sports, hobbies 18. other

D can be understood as a proportion of misclassified data so that, to determinate

the number K of latent budgets, the researcher can have an idea of the ability of

the model to capture the information in the data structure choosing a satisfying

level of D.

The best number of latent budgets, K = 3, have been determinated using the

index D on 50 bootstrap replications of the original data, estimating the SLBM for

K = 2,3,4,5,6. We have fixed a satisfying level of good classified equal to 95%
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(using the measure 1−D), chosing, at each replication, in a first stage a subset of

best models (that overcome the fixed level) and in a second stage the best from

this subset (as the more parsimonius, with smallest K).

The results are showed in the following table

Nbs of Latent Budgets K = 2 K = 3 K = 4 K = 5 K = 6

Nbs of choices 7 30 10 3 0

To analyze the relationships among the subjects and the typologies of latent

budgets (along the t-dimension), the parameters have been estimated by imposing

a homogeneity across columns constraint to the (6). The results have been given

in the tables 2, 3 and 4.

Tab. 2: The latent components of the time-budgets estimated by a homogeneity across columns
constrain.

Activities k=1 k=2 k=3 Indip.

1. paid work 0.0792 0.1008 0.4158 0.0803

2. domestic work 0.0339 0.1432 0.0000 0.0779

3. taking care of familiars 0.0150 0.0276 0.0119 0.0167

4. shopping 0.1571 0.0000 0.0117 0.0353

5. personal needs 0.0247 0.2254 0.0277 0.0347

6. eating and drinking 0.0363 0.0544 0.0148 0.0623

7. sleeping 0.0582 0.0366 0.0144 0.3581

8. education 0.0348 0.0252 0.0012 0.0235

9. partecipation 0.0707 0.0048 0.0198 0.0146

10. social contacts 0.0319 0.0378 0.0908 0.0656

11. going out 0.0491 0.0029 0.0528 0.0297

12. sports, hobbies 0.0052 0.0098 0.0552 0.0363

13. gardening, taking care pets 0.1390 0.0242 0.0399 0.0194

14. outside recreation 0.0731 0.0361 0.0666 0.0061

15. tv, radio, audio 0.0000 0.1314 0.0350 0.0779

16. reading 0.0467 0.0060 0.0268 0.0359

17. relaxing 0.1407 0.0990 0.0821 0.0070

18. other 0.0045 0.0348 0.0336 0.0188
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6.1 THE INTERPRETATION OF THE LATENT BUDGETS

The independence budget is the average time budget for the entire sample and rep-

resents a reference. In fact, comparing a latent budget to the independence budget,

it is possible to understand which components characterize the latent budget. Do-

ing so, the first budget is characterized by ’shopping’, ’education’, ’going out’,

’outside recreation’ and ’taking care of pets’, all activities typically made outside

Tab. 3: The mixing parameters estimated for the male subjects related to the years 1975, 1980
and 1985.

1975

Gender Age k=1 k=2 k=3

M 12-24 0.5705 0.3930 0.0365

M 25-34 0.6491 0.0617 0.2892

M 35-49 0.2745 0.1159 0.6096

M 50-64 0.3926 0.1279 0.4795

M 65+ 0.4043 0.5084 0.0873

Budgets Prop. 0.3103 0.4547 0.2350

1980

Gender Age k=1 k=2 k=3

M 12-24 0.4513 0.3908 0.1580

M 25-34 0.0643 0.1099 0.8259

M 35-49 0.2065 0.0687 0.7247

M 50-64 0.1654 0.2786 0.5560

M 65+ 0.7774 0.0394 0.1832

Budgets Prop. 0.2928 0.2888 0.4184

1985

Gender Age k=1 k=2 k=3

M 12-24 0.6904 0.2087 0.1009

M 25-34 0.3819 0.1285 0.4896

M 35-49 0.1691 0.2724 0.5584

M 50-64 0.1723 0.2413 0.5864

M 65+ 0.3066 0.4560 0.2373

Budgets Prop. 0.3289 0.2517 0.4194
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Tab. 4: The mixing parameters estimated for the female subjects related to the years 1975, 1980
and 1985.

1975

Gender Age k=1 k=2 k=3

F 12-24 0.3970 0.3556 0.2474

F 25-34 0.3120 0.4187 0.2693

F 35-49 0.2716 0.4272 0.3013

F 50-64 0.2716 0.4110 0.3174

F 65+ 0.0325 0.9102 0.0572

Budgets Prop. 0.3103 0.4547 0.2350

1980

Gender Age k=1 k=2 k=3

F 12-24 0.3343 0.5361 0.1296

F 25-34 0.1476 0.2531 0.5993

F 35-49 0.3696 0.4548 0.1756

F 50-64 0.2514 0.4169 0.3318

F 65+ 0.3678 0.4251 0.2071

Budgets Prop. 0.2928 0.2888 0.4184

1985

Gender Age k=1 k=2 k=3

F 12-24 0.5928 0.3456 0.0616

F 25-34 0.7190 0.2080 0.0730

F 35-49 0.2134 0.2675 0.5191

F 50-64 0.1439 0.5870 0.2691

F 65+ 0.5204 0.2676 0.2120

Budgets Prop. 0.3289 0.2517 0.4194

g p yp y

by young people. The second budget is characterized by ’taking care of family’,

’domestic work’, ’personal needs’ and ’tv, radio’ which are typically home ac-

tivities so this budget can be described as a domestic budget. The final budget

is considerable characterized by ’paid work’ and in a limited measure by ’social

contacts’, ’going out’, and ’sports and hobbies’. This budget can be considered as

a worker budget.
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6.2 THE INTERPRETATION OF THE MIXING PARAMETERS

The budget proportions π+ j are the weighted average of the mixing parameters

and denote the importance of the latent budgets. For example, in the table 3,

year 1975, the domestic budget determinates the 45.47% of the mixture, while

the worker budget determinates the 23.50% and the outside budget the 31.03% of

the mixture. In other words, the first budget has a largest role to determinates all

expected budgets.

Looking at the tables 3 and 4 it is possible to see the relationships among the sub-

ject typologies and latent budgets respect to the variable ’gender’ and to the time

dimension. This last factor let to underline the changes in the behaviors of people

in the choice of their own time-budgets.

In particular, the table 3 shows the mixing parameters which describe the links

among the male subjects (distinguished by the age) and the budgets into the 3 dif-

ferent considered periods (1975, 1980, 1985). Young people choose an ’outside’

budget, instead of adults who follow generally a ’worker’ budget, and in the end

the old people are set on a ’domestic’ budget. This kind of behaviors aims at being

constant along the time dimension.

The table 4 shows the mixing parameters estimated for the female subjects. An

interesting element that emerges from the results of the analysis deals with the

social role of women. It changes along the time, moving from a situation in which

the preferred budget is the ’domestic’ one (1975) to a different distribution of the

activities (’outside’ budget and ’worker’ budget) in the following periods.

7. CONCLUDING REMARKS

The data presented in this paper have already been analyzed by Mooijaart et al.

(1999) through the employment of a latent budget model using an estimation pro-

cedure called active constraints. It allows to overcome the identification problem

of parameters, by imposing some components equal to zero (that the researcher

believes not to be interesting), but the temporal links of the three surveys have not

been considered at all.

The proposed methodology has the aim to give a tool for the analysis of compo-

sitional data collected in different times or spaces, taking into account the con-

straints defined on the rows or columns of the data matrix. It happens through an

weighted least squares estimation procedure, which, not demanding any distribu-

tional assumption, lets the method be implied in the most different fields.

This kind of procedure is completed by an algorithm that solves the well-known

problem of the parameters identification of SLBM, choosing a solution optimizing

7. CONCLUDING REMARKS
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This kind of procedure is completed by an algorithm that solves the well-known

problem of the parameters identification of SLBM, choosing a solution optimizing

a statistical criterion.
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RETI NEURONALI PARALLALE PER L’ANALISI DEI
DATI LONGITUDINALI COMPOSIZIONALI

Abstract

Il presente lavoro propone un approccio alternativo all’analisi dei dati longitudianali
attraverso l’impiego delle reti neuronali parallele. A tale scopo si definisce uno schema
generale di vincoli sui parametri che consenta l’impiego delle reti per l’analisi di dati di
tipo composizionale (i.e. dati sensoriali, bilanci di tempo, di spesa). Successivamente, per
risolvere il problema di identificazione dei parametri della rete, si propone un algoritmo
che, considerando le caratteristiche proprie dei dati longitudinali, individua in maniera
iterativa la migliore soluzione di stima rispetto ai vincoli definiti. Nell’ultima parte del
lavoco, si mostra una applicazione della metodologia proposta sulla problemativa del-
l’analisi dei bilanci di tempo.


