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Abstract

In this paper we focus on the use of large data sets to implement optimal designs. Our
final goal is to find an optimal experimental design using sequential designs. This work aims
at improving two issues: weighting and the choice of the stopping rule. The definition of
weights is relevant to discriminate between more than two models. The implementation of
a stopping rule is important to evaluate the contribution of the newly selected experimental
point. The main problems faced here are the choice of the best model according the
definition of different formulas for the weights and the empirical evaluation of the measures
defined as stopping rule criteria.
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1. INTRODUCTION

The aim of this paper is to improve upon the use of observational data directed
to build an experimental design starting from existing data. Therefore we suggest
a multi-step procedure in which each step aims for improvement towards optimality
of the selected trials, where the final set of trials constitutes an optimal experimental
design built through sequential plans. This paper is an extension of a previous study
(Berni, 2003a)1, where we pointed out the relevance of the use of observational data
by a suggested procedure in which the final step is made using the sequential design
approach when only two models are analyzed. The present study focuses on a
discrimination between several models obtaining an optimal design, keeping in
mind the relevance of the new added point for the final experimental design. In this
case the suggested algorithm must be revised in order to discriminate between
several equally close models assigning a weight to each one. The problem is the
specification of weights, which should indicate the best direction, either by taking

1 Part of the application shown in this paper was presented to the 3rd Conference of ENBIS,
Barcelona 2003.
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stock of the observations available at each iteration or by considering only weights
defined a priori. Further, we insert a stopping rule that allows us to evaluate the
improvement reached at each iteration.

The paper is structured as follows: the second section concerns the theory, the
new third step of the algorithm and the choice of weights; the third section is devoted
to the explanation of the suggested measures as a stopping rule; while the fourth
section offers an empirical example based on real data; final remarks are outlined
in the final section.

2. THEORY

We briefly describe some elements of the theory of design of experiment,
relevant for this paper. For more details see: Atkinson and Donev (1992), Atkinson
and Fedorov (1975a), Atkinson and Fedorov (1975b).

An experimental design is characterized by a specific situation, which is the
main difference compared to other kind of studies, such as observational studies.
More precisely, the main feature is that the system studied is under the control of
the experimenter: the key elements that characterize this difference are the setting
of the variables and experimental unit under study, the setting of methods and
measurement procedures, the random allocation of trials to experimental units.
These elements are, at least in the basic aspects, under control and represent the
main differences with respect to observational studies. In fact an observed variable
can vary independently from the decision of the experimenter. Furthermore, three
elements are of great importance in experimental design: experimental unit,
independent variable and response variable. The combination of the levels of the
independent variables is also called treatment. Obviously the main purpose of the
study is the comparison of treatment effects on the response variable.

This paper is based on the theory of D and T optimality criteria. Though these
two criteria are different, in general an optimal design is built selecting trials
according to the optimization of an objective measure, sometimes connected to the
information matrix.

Therefore we suggest a multi-step procedure in which each step aims for
improvement towards optimality of the selected trials, where the final set of trials
constitutes an optimal experimental design built through sequential plans.

Moreover, we have decided to take out a subset of data instead of analyzing
the available complete set. The reason of this strategy resides in the connection
between optimality, information matrix and the variances of the parameter estimates,
that assures an efficient use of data, and, moreover, in the need to search points on
a more informative experimental region.
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The aim is an efficient use of observational data keeping in mind that there is
a substantial difference between observational and experimental data. Generally, an
experimental design may be built by means of the balance, orthogonality and
randomization principles and/or optimality criteria. In both cases we select a set of
trials, constrained to specific rules or measures.

Regarding optimality criteria, the T-optimality is strictly connected to sequential
designs, just because through sequential designs we obtain a T-optimal design.
Sequential designs have a substantial element of distinction compared to the criteria
based on iterative algorithms. In the sequential procedure, the model parameters are
updated with the new selected trial at each sequence, also using the corresponding
known value of the response variable; while, by optimality methods based on
iterative algorithms, such as D-optimality, the selection of trials depends only on the
levels of the factors.

In order to use observational data in building an experimental design, one
must first confront the problem of searching trials on a set, however large, of
collected data. In fact, an observed variable could retain variations not controlled
by the experimenter. This problem is overcome when data are referred to technological
systems or processes, as in most of the cases where this procedure is applied, where
observational variables are, nevertheless, constrained to specific values in an
established range, close to operational target or operational conditions, set by an
operator.

2.1 A D-OPTIMAL DESIGN

At first we define the relationship between a single factor x, m-dimensional,
and a true response η(x). The true response is generally unknown and usually the
chosen statistical model is an approximating function which is close to the response
η(x) over the region of interest or experimental region2  χ of the factor x.

The use of response surface methodology allows to approximate the true
response by means of polynomial models3 obtained through a Taylor series
approximation. Considering the following:

Yi = η(xi,θ) + εi (1)

we define Y the observed response variable for the i trial, (i = 1, ..., N), and εi the
correspondent experimental error; η(xi ,θ)  is the true response which depends on

2 The experimental region is the area where we are interested to perform our experimental design
and it is connected to the operational conditions.

3 These models are linear in the parameters.
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a vector θ  of unknown parameters. In the case of a first order approximation in
Taylor series, θ  has a dimension p = m + 1 = 2.

In general,  with more than one factor and, obviously,  p > 2, the previous linear
model can be expressed by:

E(Y) = Fθ (2)

where Y is a vector Nx1, with N number of trials, θ  is a vector of unknown p
parameters and F is the extended design matrix of dimension Nxp, where
”extended” is stated for a known function of the independent variables, linear only
in the parameters.

In addition, each row of matrix F is so defined:

f´(xi) (3)

where xi is the row vector, for the i trial.
Our aim is to find an optimal experimental design for an exact design4 over

an experimental region χ. The theory of optimal design is based on the General
Equivalence Theorem. Starting from this theorem, more optimality criteria are
defined. In general, the main feature of an optimality measure based on this theorem
is the improvement of efficiency for a design. Particularly, experimental designs
can be evaluated according to the correspondent values of |F´F|, to the curve of the
standardized variance d(x,ξ) over χ, formula (5), and to the maximum value of the
variance over χ. Considering these different objective measures, even though
connected, it is possible to define more optimality criteria. For this purpose we
briefly turn our attention to the generalized variance of the parameters:

Var F F
F F

θ̂( ) = ′( ) =
′

−1 1
(4)

and, for an exact design, to the standardized variance:

d x N
Var Y x

,
ˆ

ξ
σ

( ) =
( )( )

2
. (5)

4 A design is continuous if the distribution of trials on χ depends only by the assumed measure ξ,
without regarding N; when design is continuous D-optimality is equivalent to G-optimality.
Designs that are defined for only a specific set of trials are called exact. In practice almost all
designs are exact.
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Then, a design is D-optimal when |F´F| is maximized and this is equivalent
to when (4) is minimized. By contrast, a G-optimal design minimizes over χ the
maximum value of (5). Standard designs, such as fractional factorials or central
composite design, can be defined optimal according to more criteria.

2.2 T-OPTIMALITY

In this section we briefly describe the sequential designs approach, applied in
the suggested algorithm, and a T-optimal design. For more details see Atkinson and
Fedorov (1975b).

A T-optimal design is a plan where the optimality is obtained by discriminating
between two or more models, one of which is true: ηt(x).

In case of two models (k = 2) a T-optimal design is that design maximizing:

∆( ) = ( ) − ( )( )



∫ξ η η θ ξ

χ
t

x x
2 2

2

, ˆ
(6)

where

η η θ
t

x x( ) = ( )1 1 1
, .

In (6), θ̂
2
 states for the parameter estimates of the second model, x is a general

set of independent variables and ∆(ξ) is the noncentrality parameter.
It is clear that a T-optimal design depends on the true model, if it exists and

it is known. Therefore sequential designs is an approach that leads, asymptotically,
to a T-optimal design starting from two models (expression (6)), without considering
which is the true one.

In this simple case, the procedure is based on the maximization, over  χ, of the
noncentrality parameter, because the maximization of this quantity corresponds to
maximize the distance between the model assumed as true and the other one.
T-optimality is reached when each new added experimental point, sequential
procedure, moves towards this objective.

In our case the new added experimental point is a selected point from the large
data-set. By considering several models, formula (6) is not sufficient to reach T-
optimality by means of sequential designs, because we must perform a two-step
optimization which must also evaluate the departure of each model from the true
one. More precisely, we first consider a set J of k models (J = 2, ..., k) closest to the
true model, or the model assumed as true. We define ∆j(ξN) as the general
noncentrality parameter defined as follows:
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 ∆ ( ) = ( ) − ( )



∈

∑j N i
i

i j i j
j j

w x xξ η θ η θ
θ
min , ,

Ω 1 1

2

, , ; , ,j k i n= … = …2 1 (7)

where wi = ri / N specifies n (i = 1, ...,n) different experimental conditions (trials),
while r represents the replicate in xi; ξ is a normed measure and ξN is the design:

(xi,wi); i = 1, ..., n.

Note that if k are the closest models, (k-1) are the noncentrality parameters.
Therefore, since our aim is to find the true model, the maximization of the
noncentrality parameter is the criterion to select the optimal design, just because the
amount of ∆j (ξN) depends on the experimental design. The best design should be
the design which maximizes all the (k-1) noncentrality parameters simultaneously,
because this design, if it exists, is the most informative design to detect false models.
Unfortunately, this design does not exist and therefore we must introduce the
concept of weighting to point out the relevance of the departures of each model,
belonging to the j set, from the true model.

Consequently, the modified criterion is the following:

max
ξ

ξ
N

N
∆( ) (8)

∆( ) = ∆ ( ) = …
≠

ξ ξ
N j j N

j kmin , ,
1

2 . (9)

The previous conditions to reach T-optimality can be formulated according to
the sequential designs approach, as briefly explained in the following section. We
point out that in our suggested algorithm, the third step is based on sequential
designs to gain T-optimality.

2.3 SEQUENTIAL DESIGNS

By considering several models, the research of an optimal design by a
sequential designs approach starts with a ranking of the Residual Sum of Squares
(RSS), computed for each model. Assuming k to be the number of considered
models, the strict ranking is:

R R R R
k k1 1 2 2 3 3

ξ ξ ξ ξ( ) < ( ) < ( ) <… < ( )
where R represents the RSS.

In case of  k = 2  the  xN +1 observation is added if the following expression is
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verified:

max ,ˆ , ˆ
x N N

x x
∈

( ) − ( ){ }
χ

η θ η θ
1 1 2 2

2

(10)

where ̂θ1N   and  ̂θ2N   are OLS estimates of model 1 and 2, respectively. In this simple
case we consider only the first two models, after ranking, as they have the best fit.

Unfortunately, as explained in the previous section, a problem rises when two
or more models are equidistant from the true model (assuming the first model to be
the true model). Although in theory these rival models should have the same value
of the RSS when experimental error is null, in practice the presence of an
experimental error may result in different values of the RSS, and therefore in
different departures from the true model.

The solution to this problem is performed using a new algorithm where the
optimization is made by a two-stage search and the best design is found for a
particular combination of weights. The design selected is that design which
minimizes the following:

minmax , ,
p x j

j J
j j s

j
s

p x x
∈

∈ ( )
∑ ( ) − ( )( )

χ
ξ

η θ η θ ξ
1 1




2

(11)

with

p
j

j J s∈ ( )
∑ =

ξ

1
(12)

where θ̂1 and θ̂j  are OLS estimates of the model 1 and j, respectively, with j = 2, …,
k; while (ξs) is the design at stage s. This algorithm is based on a first selection onto
a set J of chosen models, where the distance between model 2 and the others is
≤ Nδ  where δ  is an arbitrary tolerance value of the maximum distance between the
true model and the worst model belonging to J. In this approach one practical
problem is the choice of δ , though in general an initial high value of δ   is preferable.

Therefore, the final algorithm for the third step of the procedure is:
1. Regarding N starting observations5, we rank the models, where the true model

is assumed to be model 1;

2. we found a set J of models where:

Jδ = {j : (Rj – R2) ≤ Nδ }   j = 2, ..., k (13)

5 In our algorithm, shown in section (2.5), the N starting observations are obtained at the step II.
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3. the xN+1 observation is added if6:

minmax , ,
p x j

j J
j j s

j
s

p x x
∈

∈ ( )
∑ ( ) − ( )( )

χ
ξ

η θ η θ ξ
1 1




2

. (14)

We point out that the final algorithm for the third step of the procedure is based
on a two-stage search. The first search is directed to find the best point on the
experimental region χ, maximizing the differences (11); at the second step the selection
is based on the weights pj , choosing that set of weights that minimizes (11).

In this respect, the choice of the weights is not irrelevant, as we explain in the
next section.

2.4 THE DEFINITION OF WEIGHTS

At first, we could choose any fixed set of non-negative weights with the
constraint (12), see Atkinson and Fedorov (1975b). At the same time, this choice
could be improved upon by considering weights depending on the number of
parameters involved in the models or, even better, adjusting the weights by means
of the likelihood of the models, taking care of the number of trials which increases
at each iteration (Atkinson and Cox (1974)).

Furthermore the choice of weights is performed taking into account the
departure from the true model, or from the model that is assumed to be true.
Nevertheless a design which is efficient for evaluating one kind of departure may
not be so efficient in other cases.

In order to search for the best set of weights, we consider the maximization
of the minimum noncentrality parameters within the set J of k models (j = 2, …k)
closest to the true model, according to the formulas (8) and (9). In this spirit, in a
sequential scheme, the set of closest models is chosen by ranking the RSS for each
model (section 2.3); the set of weights could be any fixed set of nonnegative weights
summing to one over J.

In this case the optimal weights are those for which the formula (11) is
satisfied. This two-stage optimization allows the researcher to build an optimal
design using the best direction at each step of the iterative construction (section 2.3).

In fact the best direction is derived by the noncentrality parameter and in the

6 It is relevant to note that in expression (14) pj refers to the j model, while in expression (7) wi
refers to the i observation. In fact the expression (7) is the computation of the noncentrality
parameter for the j model on the set of n observations.
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set J we put the models having the same value of the expression (7). However, the
best direction is replaced by a δ  best direction, where  δ    is the tolerance value which
takes into account the different values of (7), for each  j = 2, .., k. Consequently, the
models belonging to the set J have distance ≤ Nδ  from the second model (j = 2), as
showed in formula (13).

A second approach is concerned with the likelihood of each model. In this
respect, the weights must be updated at each iteration. The general formula is:

w c
R

Rj
n

j

j
n

n

+ =
−




















1 1

1 2
/ exp

/

min

(15)

where j is for the specific kind of model, while R is for the RSS. In this case the
simple weight 1/cj is scaled by means of the likelihood of the j-model, taking into
account the number of trials at each iteration.

In the empirical example shown in section (4), the formula (15) is evaluated
using three different definitions of Rmin. The RSS of the true model at each iteration,
which is a minimum (type 1); the arithmetical mean of the RSS of the models
belonging to set J, computed at the initial stage (type 2); and the arithmetical mean
of the RSS of the models belonging to set J, computed at each iteration (type 3).

2.5 THE ALGORITHM

The procedure here described involves three steps; each step is intended to
prepare the final experimental design as close to optimality as possible.

We remark that we suggest this algorithm to select observations from a large
data-set previously collected and the fundamental elements of the experimental
design theory, shown in section 2, are applied at the II and III step. The steps are:
1) selection of a random sample of trials n0 from the data sets;

2) use of a procedure to build up a design with N runs that maximizes |X´X |;

3) starting from the N runs, building up the final experimental design using the
sequential technique, involving the model specification and, obviously, the
response values.

The second step is based on the sample previously extracted (first step). This
initial selection is an help for the stage II, where a number of candidate points is used
to perform a D-optimal design. In fact, at the stage II, we refer to Dykstra (1971)
for building a D-optimal design by means of augmentation of experimental data.
The aim of this stage is to create an initial optimal design starting from a number
n0 of candidate points, while the response values are not yet involved. In fact, at this
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point, the optimal design is built only by the use of the values of the factors.
This step II allows us to constraint our selection on a specific area of the

experimental region, according to particular ranges of the factors. In addition, we
point out that we select this intermediate design on the available data-set and, for
our purpose, is not D-optimal; we can suppose to gain a good design but not a D-
optimal design. In contrast, this stage is important because the design here obtained
is used as a starting design for the step III .

Regarding the third step, we base our approach on sequential designs, that
should lead to an asymptotically T-optimal design. The algorithm for the third step
is described in section 2.3. This final step is implemented to build a final
experimental design based on the available data-set and T-optimality.

3. MEASURES FOR A STOPPING RULE

In the modified algorithm shown in section (2.5), and also in Berni (2003a),
a theoretical problem that presents itself during the analysis is the difficult
evaluation of the contribution of the new experimental point added. More precisely,
the questions are about the relevance of each new point for the final experimental
design and, also, the measurement of the improvement of each iteration in
comparison with the design obtained at the second step.

In order to achieve these objectives, we suggest two measures.
We define

D X X
j
* = ′ (16)

as the determinant of the information matrix for the initial design, obtained at the
second step, for the j model (j = 1, ..., k).

Furthermore, we define

D X X xx d x
j
n

j
n n+ = ′ + ′ = ∆ + ( )( )1 1 (17)

as the determinant of the information matrix for the design matrix augmented with
the newly added trial xn + 1. Where dn(x) is the contribution of the new point xn+1
measured by the value of the variance of the predicted response at xn+1, multiplied
by σ  2.

Therefore, a first measure is defined as:

I log
D

D
t j

n

j
n1

1

=












+

(18)
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where I t
1
 is computed for each j (j = 1, ..., k) model and at each iteration t, (t =1, ..., l),

of the third step of the algorithm.

This measure represents a criterion to evaluate if the xn+1 point added at each

new iteration gives a sufficient improvement to the sequential design. In fact, if

D
j
n+1  is sufficiently larger than Dj

n , the new point improves the efficiency of the
design.

In order to determine whether the final design has reached the desired level
of improvement with respect to the starting design, we define:

I n
D

D
t j

n

j

s j

2

1

1= ( )











/

*

/

(19)

where j stands for the model (j = 1, ..., k) and sj denotes the number of parameters

involved in the j model. We point out that usually D
j
*  is the measure of the best

continuous design. In our case D
j
*  is the best design obtained at the second step and

valid for the selected k models. In this respect, we observe that D
j
* is a starting

measure and therefore it represents the minimum level of efficiency reached at the
second step; consequently, expression (18) cannot be used as a stopping rule as if
the maximum value were known, but it is possible to define expression (18) as a
measure for a stopping rule when we have determined a minimum level of
obtainable gain.

It is relevant to say that the I t
2  measure allows us to check the improvement

of the third step and, above all, when this ratio is approximately equal at each
iteration, the algorithm must be stopped. This result is also confirmed by the
parameter estimates, which remain substantially equivalent for each model.

Another issue concerns comparing formulas (18) and (19); the latter is a

measure of the improvement reached with respect to D
j
* ; on the other hand the (18)

is a measure of the efficiency gained with each new added point. Finally, the (18)
does not take sj, the number of parameters involved in the j model, into consideration.

A disadvantage of these two proposed measures is that we compute these
ratios for each model at each iteration; therefore we do not have a “global” measure
of the efficiency reached at each step. Perhaps, this could be overlapped defining
a global measure of gain, computed taking care of all the iterations, for each
suggested index.
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4. AN EMPIRICAL EXAMPLE

In this section we show an empirical example considering the results obtained
at the final step of the algorithm (4.2) for each model and the results obtained
regarding the stopping rule measures (4.3).

4.1 DATA

The data applied in this section are related to a foaming process for the door
of a home refrigerator. The day-to-day observations regard the values of variables
involved with the production of polyurethanic foam and they are collected during
the first 82 days of 2000.

The independent variables (table 1) involved in this application are the MDI7

temperature (factor C - degree Centigrade), and the polyol temperature (factor TP
- degree Centigrade); while the response variable (y) is the time of thread (second).

Tab. 1: Independent variables - Range and step size.

Variable min max range step size

C 16 22 6 1
TP 16 21 5 1

4.2  RESULTS FOR THE MODELS

The empirical example8 here illustrated is based on the procedure described
in section 2. The intervals of interest for the selection at the first step for the two
independent variables are: TP 19-21; C 20-22.

The selected  N  = 4 observations for the initial experimental design are shown
in table (2).

Tab. 2: Experimental design - step 2.

obs C TP
1 20 19
2 20 20
3 22 19
4 22 20

7 MDI means Methyl Diphenyl Isocyanate.
8 The application is computed using the Fortran language and the Statistical Analysis System (SAS)

software.
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The four models chosen are the following:

Y = β0 + ε

Y = β0 + β2TP + ε

Y = β0 + β1C + ε
and

Y = β0 + β1C + β 2TP + ε

where β  denotes in general the unknown parameter for that effect. We do not know
which of the four models is true, but we assume that the true model is model (13).
In table (3) we show the results for the initial models, with the RSS and the OLS
estimates.

Tab. 3: Initial results: RSS and OLS estimates for the 3rd step.

Mod. RSS β̂0 β̂2 β̂1

(10) 8.75 (3) 43.75 - -

(11) 2.50 (2) -5.00 2.50 -
(12) 6.50 (2) 59.5 - -0.75
(13) 0.25 (1) 10.75 2.50 -0.75

The model ranking is:

R13(ξ13) < R12(ξ12) < R11(ξ11) < R10(ξ10)

and (R10-R13) is equal to 8.50; considering a percentage of a 20%, we obtain a value
of δ = 1.7 and therefore  Nδ  = 6.8. This choice implies the elimination of model (10)
from the set Jδ , which holds model (12) and model (11). In table (4)9  we show the
results, with the correspondent number of the iteration and the identification
number (in the data-set) of the added observation, obtained by the new algorithm
for the three models, considering the new third step and the weights as defined in
section (2.4). In this case, discriminating between more than two models, the
number of iterations needed to reach a sufficient level of accuracy is quite large

9 t-Student test for the estimates: in bold type the significant values with p-value < 0.05; in italic
type the significant values with p-value < 0.10.
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Tab. 4: Final results for models: estimates and standard errors (in brackets) at each iteration-
IIIrd step.

Iter. xN+1 β̂  0 T̂P β̂  0 Ĉ β̂  0 Ĉ T̂P
0 - -5.00(21.81) 2.50(1.20) 59.50(18.95) -0.75(0.90) 10.75(11.07) -0.75(0.25) 2.50(0.50)

1 1 50.81(11.21) -0.35(0.59) 54.20(6.18) -0.50(0.31) 45.53(7.26) -1.21(0.49) 1.21(0.74)

2 76 53.34(10.23) -0.50(0.54) 46.25(6.43) -0.12(0.33) 53.29(11.89) 0.01(0.39) -0.51(0.70)

3 45 49.35(7.68) -0.28(0.39) 46.04(5.66) -0.11(0.28) 49.42(8.81) -0.01(0.36) -0.27(0.51)

4 2 51.72(5.71) -0.40(0.29) 48.04(5.12) -0.20(0.26) 51.81(6.49) -0.01(0.33) -0.39(0.41)

5 75 52.69(5.47) -0.44(0.29) 46.08(5.00) -0.09(0.25) 51.93(6.19) 0.10(0.27) -0.51(0.35)

6 24 52.13(4.90) -0.41(0.26) 46.16(4.63) -0.09(0.23) 51.37(5.52) 0.10(0.25) -0.47(0.31)

7 21 52.53(4.49) -0.43(0.23) 46.55(4.44) -0.12(0.22) 51.79(5.03) 0.10(0.24) -0.49(0.28)

8 68 52.06(4.21) -0.41(0.22) 46.54(4.21) -0.12(0.21) 51.39(4.76) 0.08(0.22) -0.46(0.27)

9 31 51.10(4.17) -0.37(0.22) 46.52(4.12) -0.12(0.21) 50.68(4.78) 0.05(0.22) -0.39(0.26)

10 67 52.76(4.28) -0.46(0.22) 48.19(4.30) -0.22(0.21) 52.77(4.84) -0.3-3(0.24) -0.46(0.27)

11 11 54.16(4.47) -0.53(0.23) 48.40(4.67) -0.22(0.23) 53.82(5.09) 0.04(0.25) -0.55(0.28)

12 5 54.82(4.34) -0.56(0.23) 48.52(4.68) -0.22(0.23) 54.30(4.97) 0.06(0.24) -0.59(0.27)

13 74 54.71(4.31) -0.56(0.22) 49.03(4.45) -0.24(0.22) 54.72(4.91) -0.2-2(0.23) -0.55(0.27)

14 60 52.80(4.46) -0.45(0.23) 47.90(4.44) -0.18(0.22) 52.49(5.04) 0.04(0.24) -0.47(0.28)

15 46 53.60(4.30) -0.49(0.22) 48.72(4.37) -0.23(0.21) 53.43(4.84) 0.02(0.24) -0.51(0.28)

(l = 15). Nevertheless the estimates are quite steady for all the models, above all
regarding iterations 11-13, where the best results are obtained. In addition, standard
errors are almost always decreasing.

Considering tables 5-7, where for each model we show the F-value and the
corresponding p-value at each iteration10, we can see that model (11) has a good fit
and this is also confirmed by the values of the weights selected at each iteration.
Table (8) shows the set of weights selected at each step. The results point out the
superiority of model (11) stressing the relevance of the TP effect for the process.

As we can see in table (8), at each step, the selected set of weights are those
with extreme values, even though the values of the weights are often quite similar.
More precisely, formula (15) has the best results with weights of type 1 and type 3,
while the second case is never optimal.

10 Type III SS (SAS software) is, for a particular effect, the amount of variation in the response due
to that effect after correcting for all other terms in the model; the estimable function is independent
of the number of observations for treatment combinations.
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Tab. 5: Model (11); F-values and p-values (in brackets) for intercept and TP effects at each
iteration (SS type III).

Iter. xN+1 Intercept TP

0 - 0.05 (0.84) 5.00 (0.15)
1 1 20.52 (0.02) 0.35 (0.60)
2 76 27.19 (0.0065) 0.87 (0.40)
3 45 41.30 (0.0014) 0.52 (0.50)
4 2 82.13 (< .0001) 1.79 (0.23)
5 75 92.82 (< .0001) 2.36 (0.17)
6 24 112.92 (< .0001) 2.57 (0.15)
7 21 136.98 (< .0001) 3.49 (0.09)
8 68 153.12 (< .0001) 3.55 (0.09)
9 31 149.89 (< .0001) 2.86 (0.12)
10 67 152.08 (< .0001) 4.37 (0.06)
11 11 146.75 (< .0001) 5.14 (0.04)
12 5 159.39 (< .0001) 6.05 (0.03)
13 74 161.13 (< .0001) 6.09 (0.03)
14 60 139.92 (< .0001) 3.73 (0.07)
15 46 155.06 (< .0001) 4.91 (0.04)

Tab. 6: Model (12); F-values and p-values (in brackets) for intercept and C effects at each
iteration (SS type III).

Iter. xN+1 Intercept C

0 - 9.86 (0.09) 0.69 (0.49)
1 1 76.84 (0.003) 2.65 (0.20)
2 76 51.73 (0.002) 0.14 (0.72)
3 45 66.17 (0.0005) 0.15 (0.71)
4 2 88.15 (< .0001) 0.59 (0.47)
5 75 84.78 (< .0001) 0.12 (0.73)
6 24 99.21 (< .0001) 0.16 (0.70)
7 21 109.76 (< .0001) 0.29 (0.60)
8 68 121.83 (< .0001) 0.32 (0.58)
9 31 127.65 (< .0001) 0.35 (0.56)
10 67 125.72 (< .0001) 1.03 (0.33)
11 11 107.39 (< .0001) 0.87 (0.37)
12 5 107.36 (< .0001) 0.86 (0.37)
13 74 121.25 (< .0001) 1.23 (0.28)
14 60 116.15 (< .0001) 0.70 (0.42)
15 46 124.36 (< .0001) 1.13 (0.30)
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Tab. 7: Model (13) ; F-values and p-values (in brackets) for intercept, C and TP effects at each
iteration (SS type III)

Iter. xN+1 Intercept C TP

0 - 0.94 (0.51) 9.00 (0.20) 25.00(0.13)
1 1 6.27 (0.02) 5.87 (0.13) 2.67(0.24)
2 76 20.09 (0.02) 0.00 (0.98) 0.53(0.52)
3 45 31.48 (0.005) 0.00 (0.97) 0.28(0.62)
4 2 63.65 (0.0005) 0.00 (0.96) 0.91(0.38)
5 75 70.31 (0.0002) 0.14 (0.72) 2.06(0.20)
6 24 86.58 (< .0001) 0.16 (0.70) 2.27(0.17)
7 21 106.01 (< .0001) 0.18 (0.68) 3.00(0.12)
8 68 116.36 (< .0001) 0.13 (0.72) 2.99(0.11)
9 31 112.36 (< .0001) 0.05 (0.83) 2.26(0.16)
10 67 118.72  (< .0001) 0.00 (0.99) 2.83(0.12)
11 11 111.85 (< .0001) 0.03 (0.87) 3.73(0.08)
12 5 119.54 (< .0001) 0.06 (0.80) 4.62(0.05)
13 74 124.35 (< .0001) 0.00 (0.99) 4.19(0.06)
14 60 108.31 (< .0001) 0.02 (0.88) 2.76(0.12)
15 46 121.97  (< .0001) 0.01 (0.93) 3.34(0.08)

Tab. 8: Set of weights selected at each iteration for the two models (11) and (12); (the type of
formula for weights is in brackets).

Iter. xN+1 set of weights

0 - 0.9/0.1
1 1 0.00009/0.99991 (9-1)
2 76 0.9/0.1
3 45 0.9/0.1
4 2 0.9/0.1
5 75 0.99999/0.000001 (9-1)
6 24 0.9/0.1
7 21 0.9/0.1
8 68 0.9/0.1
9 31 0.1/0.9
10 67 0.9/0.1
11 11 0.9/0.1
12 5 0.9/0.1
13 74 0.9/0.1
14 60 0.9/0.1
15 46 0.9/0.1
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Tab. 9: Measures for the stopping rule at each iteration for model (11).

Iter. n D
j
n I t

1
I t

2

0 4 4 - 0.25
1 5 54 13.50 0.7348
2 6 72 0.124 0.7071
3 7 138 0.280 0.8390
4 8 240 0.240 0.9682
5 9 278 0.060 0.9262
6 10 349 0.099 0.9340
7 11 420 0.080 0.9315
8 12 476 0.050 0.9090
9 13 532 0.048 0.8871

10 14 621 0.067 0.8899
11 15 686 0.043 0.8730
12 16 751 0.039 0.8563
13 17 798 0.026 0.8308
14 18 909 0.056 0.8375
15 19 1020 0.050 -

Tab. 10: Measures for the stopping rule at each iteration for model (12).

Iter. n D
j
n I t

1
I t

2

0 4 16 - 0.25
1 5 120 0.870 0.5477
2 6 224 0.270 0.0445
3 7 278 0.094 0.5954
4 8 364 0.117 0.5962
5 9 470 0.111 0.6022
6 10 541 0.061 0.5814
7 11 612 0.053 0.5622
8 12 668 0.038 0.5384
9 13 724 0.034 0.5174

10 14 840 0.064 0.5175
11 15 900 0.030 0.5000
12 16 960 0.028 0.4841
13 17 1084 0.052 0.4841
14 18 1208 0.047 0.4827
15 19 1332 0.042 -
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Tab. 11: Measures for the stopping rule at each iteration for model (13).

Iter. n D
j
n I t

1
I t

2

0 4 16 - 0.25

1 5 316 1.295 0.5406

2 6 2088 0.820 0.8453

3 7 4052 0.288 0.9038

4 8 7048 0.240 0.9510

5 9 11076 0.196 0.9829

6 10 13908 0.099 0.9543

7 11 16740 0.080 0.9228

8 12 19392 0.064 0.8884

9 13 22044 0.056 0.8554

10 14 26284 0.076 0.8428

11 15 29400 0.048 0.8165

12 16 32516 0.043 0.7916

13 17 37668 0.064 0.7825

14 18 43332 0.060 0.7743

15 19 48996 0.053 -

4.3  RESULTS FOR THE STOPPING RULE MEASURES

The results obtained from the suggested indices (section 3) provide a detailed
confirmation of the improvements reached with the algorithm.

In tables (9-11) we show the values computed for each model. By considering
model (11) and table (9), we can see that the improvement has the highest value at

iteration (8), showing a high efficiency gain in comparison with the D
j
* .

The index I t
1
 shows the gain of the new point added at each new iteration and,

for example, in table (9), the iteration (13) with the new point (17) does not give
a satisfactory level of improvement. The process stops after 15 iterations, when the
difference as regards to the previous obtained value is about 0.050. Our choice to
stop the algorithm is coherent with the results shown in tables (10) and (11), where
we can see a lowered level of improvement, even though model (13) has a pattern
more similar to model (11), probably due to the relevance of the TP effect in this
analysis.
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5. CONCLUDING REMARKS

The algorithm suggested and applied by an empirical example is modified as
regards the previous algorithm for discriminating between more than two models.
In this case we attempt to generalize the procedure defining more kinds of weights
to perform a dual optimization.

The results are quite satisfactory, even though the computational aspect is a
bit heavy. Furthermore, in comparison with the previous algorithm, we must point
out that an overall improvement concerns the selection of the new point. In fact, in
this work, every new selected point is added to the N set, for every kind of model.
This variation could be a further reason to explain the need for a large number of
iterations to reach a sufficient level of accuracy.

In addition, considering the results obtained for the stopping rule measures,
we have further confirmation of model (11). In fact we can see that both indices
show a larger improvement for this model in comparison with the others, and, above
all, these results confirm the stressed situation of the estimates.

The case with a large number of non-nested models must be further investigated
from a computational point of view.
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DISEGNI OTTIMI DA DATI OSSERVAZIONALI:
PESI E STOPPING RULE

Riassunto

In questo lavoro la nostra attenzione è rivolta alla possibilità di ottenere disegni
ottimi da dati osservazionali. Più precisamente, tramite la proposta di un algoritmo basato
sui criteri di D e T-ottimalità, si propone un ulteriore miglioramento rispetto ai lavori
precedenti. Tale miglioramento è volto a superare il problema della discriminazione tra
due soli modelli, tramite ponderazione, ed a risolvere il problema della verifica del
guadagno in efficienza proponendo delle misure che permettano la valutazione, durante il
procedere dell’algoritmo, del nuovo punto sperimentale, selezionato dai dati esistenti ed
aggiunto, ad ogni iterazione, nel disegno sperimentale finale.

Parole chiave: disegno sperimentale, dati osservazionali, disegni D-ottimi, T-ottimalità e
disegni sequeziali, matrice di informazione.


