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Abstract

In preliminary experimentation, fractionated factorial designs are sometimes
augmented with a few runs at the center point, which allow to estimate the error variance
and thus perform conventional tests of significance for assessing factor influence.
Unfortunately these analyses may not lead to firm conclusions. In this paper, we argue that
a better strategy is to only conduct the factorial portion of the design, and analyze the data
through an available Bayesian method that helps uncover the active factors in unreplicated
fractional designs. If the results of this analysis are conclusive, we save additional runs.
Alternatively, a few follow-up experiments may be added with a method, still in a Bayesian
framework, especially useful for sorting out the active factors. In this case, a Bayesian
analysis can be carried out using all the available data. This further analysis generally
allows to clearly identify the factors with major influence. Our reasoning is explained with
an illustrative chemical example.

Keywords: Fractional factorials, Active factors, Center points, Bayesian models, Follow-
up designs.

1. INTRODUCTION

Sometimes, in preliminary experimental studies aimed at assessing factor
influence, a few additional runs are carried out at the center point of a two-level
fractional design. These extra runs can be used to estimate the error variance and
thus perform standard formal analyses. This is the way a chemical experiment,

1  The authors share the contents of the article. However, more specifically, P. Cozzucoli wrote
section 2, while A. Cossari wrote the remaining sections.
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presented by Katovic et al. [1], was conducted. An eight-run 24-1 fractional factorial
was augmented with three runs at the center point. However, a conventional formal
analysis did not produce firm conclusions, and led us to question the use of
replicated runs at the center point for the analysis of experiments like this.

In this paper, the factorial portion of the design was reanalyzed taking
advantage of the Bayesian analysis introduced by Box and Meyer [2] for discovering
the active factors in fractionated experiments. This analysis confirms that the data
are not informative, suggesting that a follow-up design may be useful for resolving
the ambiguities. For comparison with the original set-up of the experiment, we
performed three additional runs, selected as proposed, within the Bayesian construct,
by Meyer et al. [3], and carried out a further Bayesian analysis using the combined
eleven runs. This analysis allowed to clearly identify the active factors. Thus, by
producing much more evidence of the factor activity than a conventional formal
analysis based on an estimate of the error variance, such follow-up experiments,
combined with the Bayesian analysis, turn out to be a better alternative to the
practice of replicating runs at the center point.

Section 2 reports the analysis originally performed on the chemical experiment.
In Section 3 we illustrate the Bayesian analysis. Section 4 is devoted to the choice
of the additional runs and the analysis of the combined data. Conclusions are
summarized in Section 5.

2. LTA ZEOLITE EXPERIMENT

The interest in the chemical synthesis of zeolites is extensive and developed
in university and industry. An experiment carried out at the University of Calabria,
and described in Katovic et al. [1], was employed to investigate the synthesis
process of the LTA (Linde Type A) zeolite. The goal of this experiment was to assess
the influence of four factors on the crystallization field of the LTA zeolite. The LTA
zeolite was synthesized utilizing hydrogels material with the following molar
composition:

 A Na2O – 0.5 Al2O3 – 1 SiO2 – B C2H5OH – C H2O

The four factors investigated were the following: A (Na2O - sodium hydroxide),
B (C2H5OH - ethanol), C (H2O - water) and D (crystallization time) and they were
set at two levels; others factors were maintained constant. The design used to
investigate the influence of these factors on the synthesis of LTA zeolite was a
24-1 fractional factorial design with resolution IV plus three center points. In
resolution IV designs no main effect is aliased with any other main effect or with
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any two-factor interaction, but two-factor interactions are aliased with each other
(see, e.g., Box, Hunter [4], Box et al. [5]). The design generator is D=ABC and the
defining relation is I=ABCD; the aliases are the following: A=BCD, B=ACD,
C=ABD; AB=CD, AC=BD, AD=BC.

The response variable was  the content of zeolite, measured quantitatively
using the X-ray diffraction technique. In Table 1 are reported the four factors with
their levels. The design used, and the data obtained in the experiment, are listed in
standard order in Table 2 (the runs were actually performed in random order). To
reduce costs and time of experimentation the design was not replicated, and center
points were added to the design, which allowed to estimate the variance of the
response through the pure error mean square. The effect estimates are reported in
Table 3, and a formal data analysis is summarized in Table 4.

Tab. 1: The experimental factors and their levels, including center points.

Factors Low level (-1) High level (+1) Center point (0)

A = Sodium hydroxide 1.5 moles 25 moles 2 moles

B = Ethanol 5 moles 20 moles 12.5 moles

C = Water 2.5 moles 40 moles 32.5 moles

D = Crystallization time 5 hours 8 hours 6.5 hours

Tab. 2: The 24-1 design augmented with three center points, and the responses obtained.

Run A B C D=ABC Content of
zeolite (%)

1 -1 -1 -1 -1 80

2 +1 -1 -1 +1 22

3 -1 +1 -1 +1 5

4 +1 +1 -1 -1 1

5 -1 -1 +1 +1 95

6 +1 -1 +1 -1 20

7 -1 +1 +1 -1 65

8 +1 +1 +1 +1 10

9 0 0 0 0 44

10 0 0 0 0 40

11 0 0 0 0 48
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Tab. 3: The effect estimates and the alias pattern.

Estimates Aliases

-48 A+BCD

-34 B+ACD

20.5 C+ABD

-8.5 D+ABC

18.5 AB+CD

-17 AC+BD

14 BC+AD

Tab. 4: P-values.

Aliases Estimates t p-values

A+BCD -48 -16.9706 0.003454
B+ACD -34 -12.0208 0.006849
C+ABD 20.5 7.2478 0.018509
D+ABC -8.5 -3.0052 0.095181
AB+CD 18.5 6.5407 0.022586
AC+BD -17 -6.0104 0.026583
BC+AD 14 4.9497 0.038476

Under the hypothesis that three-factor interactions are negligible, the analysis
suggested significant main effect of factors A and B and, to some extent, of factor
C. It also suggested that main effect of factor D was not significant, although this
conclusion is clearly based on weak evidence. Moreover, assuming that the two-
factor interactions involving factor D were ignorable, the last three contrasts,
judged rather dubiously to be significant, were attributed to the two-factor interactions
AC, AB and BC. On the whole, the conventional analysis points to factors A and B
as having major influence on the response. There is perhaps weak evidence that
factor C is also important and that factor D is to be considered unimportant.

3. BAYESIAN ANALYSIS

The eight-run fractional factorial in the LTA zeolite experiment was reanalyzed
using the Bayesian analysis that Box and Meyer [2] developed for interpreting the
results from fractionated experiments, by suitably entertaining interactions among
factors in addition to main effects.

In this context, the factors that have a major influence on the response through
their main effects and/or interactions are referred to as the active factors. The
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method proceeds by considering the set of all the possible subsets of active factors,
each subset being denoted as the model Mi in which that particular combination of
fi factors is active. For a design with k factors, there are 2k such models. For the LTA
zeolite experiment, the 24 = 16 possible models, and the corresponding value of fi,
are reported in Table 5.

Tab. 5: The 16 possible models for the LTA zeolite experiment.

i fi Mi

(n. of active factors) (active factors)

0 0 none

1 1 A

2 B

3 C

4 D

5 2 A, B
6 A, C
7 A, D
8 B, C

9 B, D

10 C, D

11 3 A, B, C

12 A, B, D

13 A, C, D

14 B, C, D

15 4 A, B, C, D

The Bayesian analysis aims at finding which of the k factors in the experiment
are active through the computation of the posterior probabilities for each one of all
the possible models. The reasoning is as follows.

In the Bayesian perspective, a prior opinion in the form of a prior probability
of each model Mi needs to be specified. In the condition of factor sparsity (see Box
and Meyer [6]), which states that only a few of the candidate factors are active, let
π, 0 < π < 1, denote the prior probability that any one factor is active. A reasonable

independence prior probability for Mi  is thus p M
i

f k f
i i( ) = −( ) −

π π1 .

The contribution of the data in the form of the likelihood f M
i

y( )  is derived

by assuming, conditional on the model Mi , the usual normal linear model for  y, in
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which the regression coefficients are the main effects of the factors included in Mi,
and interactions up to any desired order. Moreover, all the coefficients in the model
are assigned prior distributions, in particular main effects and interactions are

assigned independent priors N 0 2 2,γ σ( ) , where σ2 is the error variance and γ  an

appropriate scale factor.
Bayes’s theorem is then applied to compute the posterior probability p(Mi | y)

for each model Mi as:

p M p M f M
i i i

y y( ) ∝ ( ) ( ) , 0 ≤ i ≤ 2k – 1.

(see Meyer and Box [7] for the detailed expression).
Finally, the (marginal) posterior probability Pj that factor j is active can be

obtained by summing the probabilities p(Mi | y) over all the models that include
factor j:

P p M
j i

M ji

= ( )∑ y
: factor active

1 ≤ j ≤ k.

For the LTA zeolite experiment, the Bayesian analysis was carried out for the
eight-run fractional design allowing for the possibility of two and three-factor
interactions, with a nominal value of π = 0.25, and with γ  = 0.5 appropriately chosen
from the data as suggested by Meyer and Box [7]. A FORTRAN program available
on StatLib (http://lib.stat.cmu.edu/) was used to perform the computations.

The posterior probabilities p(Mi | y), shown in Table 6 for each Mi, are spread
out over several different models, indicating that results are ambiguous as to which
factors are active. In particular, note that the model with highest posterior probability
is the model in which no factor is active, accounting for about 30% of the total
probability. The marginal posterior probabilities  Pj, displayed in Figure 1, confirm
that none of the four factors stands out as clearly active, giving some indication of
the likely activity of factor A and, to some extent, of factor B. Conclusions are much
more ambiguous with respect to the other two factors. This analysis is in agreement
with the previous analysis reported in Section 2. However, note that generally the
Bayesian approach turns out to be more effective than a standard analysis, because
it allows to consider all the possible explanations of the data, including interactions.
Moreover, the Bayesian analysis presented in this section for the LTA zeolite
experiment is based solely on the eight-run fractional factorial, while the conventional
analysis required all the eleven runs performed in the experiment, including the
three center points used to estimate error.
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Tab. 6: All the 16 possible models ranked by their posterior probability - LTA zeolite
experiment.

Rank Mi Posterior probabilities

1 none 0.2952
2 A 0.2206
3 B 0.1051
4 A  B 0.0889
5 C 0.0702
6 D 0.0589
7 A  C 0.0426
8 A  D 0.0299
9 B  C 0.0171

10 B  D 0.0145
11 A  B  C 0.0109
12 A  B  D 0.0109
13 A  C  D 0.0109
14 B  C  D 0.0109
15 C  D 0.0097
16 A  B  C  D 0.003

0 0,2 0,4 0,6 0,8 1

D

C

B

A

NONE

Posterior probabilities

Fig. 1: Marginal posterior probabilities for factors A, B, C, D - LTA zeolite experiment.

When the available data do not lead to unequivocal results, extra runs are
needed to clarify which of the factors are active. For the LTA experiment, we
suggest to augment the eight-run fractional factorial with a three-run follow-up
design suitable for factor screening. Having obtained the data from the additional
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runs, the Bayesian analysis can be carried out using the combined eleven runs. This
further analysis should uncover the active factors with some certainty. Note that the
three center points tested in the experiment, combined with the eight-run fractional
factorial, did not allow to produce firm conclusions, as shown in Section 2. We
illustrate the generation of the follow-up design in the following section.

4. FOLLOW-UP EXPERIMENTS

Additional runs especially useful for sorting out the active factors can be
selected as suggested by Meyer et al. [3], who proposed, within the Bayesian
framework, to choose a small follow-up design that maximizes a model discrimination
criterion based on the predictive densities of the competing models.

Let y∗ ∗∈ Y  be the data vector that will be obtained from n* extra runs. For

each competing model Mi, let p(y*| Mi,y) denote the (posterior) predictive density
of y*.  A convenient discrimination measure between any two models Mi ed Mj,
when Mi is true, is given by the Kullback-Leibler distance from p(y*| Mi,y) to
p(y*| Mj,y), defined as:

ln
,

,
,

p M

p M
p M d

i

j

i

y y

y y
y y y

∗

∗

∗ ∗( )
( )











 ( )∗∫

Y .

This integral can be thought as the expected odds in favor of Mi against Mj, when
Mi is the true model, given by the predicted observations for the additional runs.

An overall discrimination measure among all the candidate models can be
obtained by averaging the Kullback-Leibler distance over all pairs of models with
respect to their posterior probabilities. The resulting discrimination measure, to be
called MD criterion, is then:
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(see Meyer et al. [3] for details).
The n*-run design with highest MD, which will be referred to as the MD-

optimal  n*-run design, is thus chosen as the follow-up design for obtaining the
additional data.

The computations needed for choosing the MD-optimal follow-up design can



An alternative strategy to the use of center points in the analysis of … 79

be performed using a FORTRAN program available on StatLib (http://
lib.stat.cmu.edu/). The software makes use of an exchange algorithm (see, e.g.,
Wynn [8]) to select the additional runs. The algorithm starts by choosing at random,
with replacement, an initial  n*-run design from among a set of candidate runs. The
initial design is then iteratively updated through an add/remove procedure until it
converges to the MD-optimal design. Note that the algorithm allows for the
possibility of replicated runs in the follow-up design.

For the LTA zeolite experiment, we ran the FORTRAN program to select the
MD-optimal three-run follow-up design, allowing discrimination among all the 16
possible models reported in Table 6. The set of the candidate runs was defined to
be the set of the 16 runs of the full 24 factorial, listed in Table 7. The eight runs
denoted by the second column are the runs actually performed in the LTA zeolite
experiment; the run numbers are reported as they appeared in the initial design.

Tab. 7: The 16 runs of the full 24 factorial design in factors A, B, C, D. The second column denotes
the runs performed in the LTA zeolite experiment.

Run Run A B C D
(initial design)

1 1 -1 -1 -1 -1
2 1 -1 -1 -1
3 -1 1 -1 -1
4 4 1 1 -1 -1
5 -1 -1 1 -1
6 6 1 -1 1 -1
7 7 -1 1 1 -1
8 1 1 1 -1
9 -1 -1 -1 1

10 2 1 -1 -1 1
11 3 -1 1 -1 1
12 1 1 -1 1
13 5 -1 -1 1 1
14 1 -1 1 1
15 -1 1 1 1
16 8 1 1 1 1

Because the exchange algorithm can converge to a design with a local
maximum of MD, it was started 20 different times. All of the 20 random starts
converged to the follow-up design shown in Table 8, consisting of candidate runs
9, 13 and 14. In Table 9 are reported the five best three-run designs, with their MD
values. Note that all of these designs are generated only from candidate runs 9-16,
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the runs with factor D at its high level. Moreover, all but the second-best design,
including the MD-optimal design, contain candidate run 13, which was already
performed in the initial experiment with run number 5.

Tab. 8: The MD-optimal three-run follow-up design for the LTA zeolite experiment.

Run A B C D Full
factorial run

9 -1 -1 -1 1 9

10 -1 -1 1 1 13

11 1 -1 1 1 14

Tab. 9: The five best three-run follow-up designs for the LTA zeolite experiment, ranked by the
MD criterion.

Rank Full factorial runs MD

1 9 13 14 0.4271

2 9 14 15 0.4227

3 13 14 15 0.4208

4 9 13 15 0.4204

5 11 13 14 0.4130

Our recommended follow-up experiments were carried out (in random order),
and the results are shown in Table 10. We performed the Bayesian analysis using
the combined eleven runs, including in each model a block effect between the
original set of eight runs and the three extra runs. Again, the analysis was carried
out allowing for the possibility of two and three-factor interactions, with π = 0.25,
and with γ = 8.3 estimated from the data.

Tab. 10: The 24-1 design augmented with the MD-optimal three-run follow-up design, and the
responses obtained.

Run A B C D = ABC Content of
zeolite (%)

1 -1 -1 -1 -1 80
2 +1 -1 -1 +1 22
3 -1 +1 -1 +1 5
4 +1 +1 -1 -1 1
5 -1 -1 +1 +1 95
6 +1 -1 +1 -1 20
7 -1 +1 +1 -1 65
8 +1 +1 +1 +1 10
9 -1 -1 -1 1 73

10 -1 -1 1 1 92
11 1 -1 1 1 16
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0 0,2 0,4 0,6 0,8 1
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Posterior probabilities

Fig. 2: Marginal posterior probabilities for factors A, B, C, D - LTA zeolite experiment, follow-
up runs included.

The marginal posterior probabilities for each factor, displayed in Figure 2,
now clearly indicate the activity of factors A, B, and C, and also that factor D is to
be considered inert (the single model in which A, B, and C are the active factors
accounts for about 99% of the total posterior probability).

As was noted at the end of the preceding section, the three center points, combined
with the eight-run design, were not effective in interpreting the activity of the factors
with clear evidence. This suggests that a small MD-optimal follow-up design that will
be used if the initial data are not informative, combined with the Bayesian analysis,
seems to be a better alternative to the practice of replicating center points and using them
to estimate the error variance in a standard formal analysis.

5. CONCLUSIONS

In early stages of investigations, a few replicate runs are sometimes taken at
the center point of a fractional design. This allows to perform a conventional formal
analysis, based on an estimate of the error variance, for assessing factor influence.
Unfortunately, this analysis can lead to ambiguous conclusions. The reanalysis of
the LTA zeolite experiment, presented in this paper, suggests that a more effective
strategy seems to be that of analyzing data from the fractional design (with no center
points) via the appealing Bayesian procedure of Box and Meyer [2], which is
especially useful for resolving confounding among interactions and main effects.
If this analysis is conclusive for assessing factor activity, it saves extra runs.
Alternatively, if ambiguities need to be resolved, as in the LTA zeolite experiment,
additional runs may be added by augmenting the initial design with a small MD-



82 Cossari A., Cozzucoli P.

optimal follow-up design, as suggested by Meyer et al. [3]. In this case, a further
Bayesian analysis, performed using the combined runs, generally uncovers the active
factors with clear evidence. Once the active factors are identified, their effects may be
examined in more detail through further experimentation, e.g. by using response
surface methodology.
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UNA STRATEGIA ALTERNATIVA ALL’USO DELLE
REPLICHE NEL PUNTO CENTRALE NELL’ANALISI

DI PIANI FATTORIALI FRAZIONATI

Nelle fasi preliminari delle indagini sperimentali, i piani fattoriali frazionati sono a
volte incrementati con alcune prove nel punto centrale del piano, che consentono di stimare
la varianza dell’errore ed eseguire pertanto verifiche di ipotesi convenzionali per valutare
l’influenza dei fattori sperimentali. Queste analisi però possono produrre conclusioni
incerte. In questo lavoro si mostra che una strategia migliore è quella di eseguire solamente
la parte fattoriale del piano, ed analizzare i dati mediante una metodologia bayesiana utile
per identificare i fattori rilevanti nei piani frazionati non replicati. Se i risultati di tale
analisi sono certi, si evita di condurre ulteriori esperimenti. In caso contrario, si possono
selezionare alcune prove aggiuntive impiegando un metodo, anch’esso di impostazione
bayesiana, particolarmente utile per individuare i fattori rilevanti. In questo caso, la
precedente analisi bayesiana può essere eseguita sui dati complessivamente disponibili.
Questa ulteriore analisi generalmente consente di identificare con chiarezza i fattori
rilevanti. Le nostre argomentazioni sono illustrate mediante applicazione ad una speri-
mentazione reale in campo chimico.


