
Statistica Applicata – Italian Journal of Applied Statistics Vol. 21 n. 3-4 2009 289

1 Francesco Porro, email: francesco.porro1@unimib.it

A COMPARISON BETWEEN LORENZ L(P) CURVE AND
ZENGA I(P) CURVE

Marcella Polisicchio, Francesco Porro1

Dipartimento di Metodi Quantitativi per le Scienze Economiche ed Aziendali,
Università degli Studi di Milano-Bicocca, Milano, Italy

Abstract Zenga has defined a new inequality curve I(p) and a new inequality index I. The
purpose of this article is to compare Zenga’s I(p) curve and the well-known Lorenz L(p)
curve, remarking the differences and the similarities existing between these evaluation
tools of inequality. The comparison is performed by an analysis of the features of the two
curves. The analytical expressions of the two curves for some classical distribution models
used in inequality analysis are also provided, focusing on the role of the distribution
parameters as inequality indicators.
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1. INTRODUCTION

Since its introduction (Lorenz, 1905), the L(p) curve has been largely studied,
becoming a milestone of statistics. The methodological and applicative works on
that subject are so numerous that it is very difficult to choose even a small selection.
Three recent papers, (Aaberge, 2000; Groves-Kirkby et al., 2009; Jacobson et al.,
2005) can be mentioned in order to highlight the importance of Lorenz curve
regarding applications in different scientific fields. Nevertheless, several alternati-
ve tools for evaluating the inequality have been proposed in literature: among them,
recently, the inequality curve I(p) by Zenga (2007). The aim of this work is to
compare these two curves, analyzing their fundamental features.

The paper is organized as follows. In Section 2 we provided a brief review of
the definition of L(p) and I(p) curves and the related indexes R and I. Section 3
presents an important result about the equivalence between the partial orders based
on I(p) and L(p) curves. In Section 4 some features (behavior, constraints,
interpretation) of the two curves are investigated, while in Section 5 the analytic
expression of I(p) curve for some distribution models is obtained and compared
with the corresponding Lorenz curve: in particular, the influence of the distri-
bution parameters on the two inequality curves is examined. Finally Section 6
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presents some final remarks from the comparison of the two curves. In this work,
only the continuous case is handled and so all the random variables should be
considered continuous.

2. PRELIMINARIES

It is well-known that the most used tool in inequality analysis is Lorenz curve
L ( p). It can be defined in several equivalent ways. One of them is the following
(Gastwirth, 1971; Pietra, 1915):

LX(p) =
1
E(X)

∫ p

0
F−1

X (t)dt p ∈ [0,1] (1)

where FX and E(X) denote the distribution function and the finite positive ex-
pected value of the non-negative continuous random variable X . It is also well-
known that, starting from Lorenz curve, Gini coefficient can be evaluated as the
ratio of the area included between Lorenz curve and the equality line over the area
corresponding to the situation with the maximal inequality.

The inequality curve I(p) proposed by Zenga (2007) is defined by one minus
the ratio between lower and upper means, that is:

I(p) = 1−

−
M(p)

+
M(p)

p ∈ (0,1),

where the lower and the upper means of the non-negative continuous r.v. X (with
finite and positive expected value) are defined as:

−
M(p)=

1
p

∫ p

0
F−1

X (y)dy, p ∈ (0,1)

and
+
M(p)=

1
1− p

∫ 1

p
F−1

X (y)dy p ∈ (0,1)

FX being the distribution function of X . Starting from the I(p) curve, the index I
is given by:

I =
∫ 1

0
I(p)d p.

A proof that I satisfies the usual properties of an inequality index can be found
in Zenga (2007). In the same article, it is proved the following link between I(p)

and L(p) curves:

I(p) =
p−L(p)

p[1−L(p)]
p ∈ (0,1). (2)
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3. PARTIAL ORDERS EQUIVALENCE

The first feature of L(p) and I(p) curves to be analyzed is about partial orders.
The very well-known ordering, based on Lorenz curve, is defined as follows.

Definition 1 Let FX and FY be two distribution functions related to two continu-
ous non-negative random variables X and Y , both with finite and positive expected
value. FX is said to be larger (or more unequal) than FY in the Lorenz ordering,
and is denoted by FX ≥L FY , iff

LX(p) ≤ LY (p) ∀p ∈ (0,1)

where LX(p) and LY (p) are the values of Lorenz curve of X and that of Y at p,
respectively.

Other orders have been applied in inequality analysis, among which, the
ordering based on Bonferroni curve (which is equivalent to the ordering based on
Lorenz curve, (Bonferroni, 1930; Giorgi and Crescenzi, 2001; Pundir et al., 2005;
Tarsitano, 1990)) and the stochastic dominances (of first and second order) need to
be mentioned. The links among some different orders and their relationships with
inequality have been deeply studied (Atkinson, 1970; Muliere and Scarsini, 1989).
In analogy to Lorenz ordering, Porro (2008) introduced the order based on I(p)
curve through the following definition.

Definition 2 Let FX and FY be two distribution functions related to two continu-
ous non-negative random variables X and Y , both with finite and positive expected
value. FX is said to be larger (or more unequal) than FY in the ordering based on
I(p) curve, and is denoted by FX ≥I FY , iff

IX(p) ≥ IY (p) ∀p ∈ (0,1)

where IX(p) and IY (p) are the values of Zenga inequality curve of X and that of
Y at p, respectively.

The two orders are equivalent since the following lemma holds.

Lemma 1 Let FX and FY be two distribution functions related to two continuous
non-negative random variables X and Y , both with finite and positive expected
value. Then:

FX ≥L FY ⇔ FX ≥I FY .
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Proof. The proof consists of two steps.

1) By definition, FX ≥L FY means

LX(p) ≤ LY (p) ∀p ∈ (0,1)

and, since for any fixed p ∈ (0,1) the equation (2) can be rearranged as

I(p) =
1
p
−

1− p
p[1−L(p)]

it follows that ∀p ∈ (0,1), IX(p) ≥ IY (p) and then FX ≥I FY .

2) By definition, FX ≥I FY means

IX(p) ≥ IY (p) ∀p ∈ (0,1)

and, since by the equation (2) the following expression holds for any fixed
p ∈ (0,1)

L(p) = 1−
1− p

1− pI(p)

it follows that ∀p ∈ (0,1), LX(p) ≤ LY (p) and then FX ≥L FY .

This lemma makes it evident the coherence of the two curves, in fact two
distributions are ordered for Lorenz ordering if and only if they are ordered for
the ordering based on I(p) curve, too.

It is important to remark that both the previous orders are only partial or-
ders, as there are some distributions with crossing L(p) curves and therefore with
crossing I(p) curves, that are not ordinable for all p ∈ (0,1).

4. DIFFERENCES BETWEEN THE TWO INEQUALITY CURVES

The Lorenz curve of the continuous r.v. X evaluated at p ∈ [0,1] is the ratio of∫ p
0 F−1

X (t) dt over the expected value of X . So, it is trivial that L(0) = 0 and
L(1) = 1. For this reason the explaining power of the Lorenz curve vanishes for
values of p close to 0 or to 1. Such restriction does not apply to the I(p) curve,
since its behavior is not established a priori. In fact, if [a,b] is the support of the
continuous r.v. X (with 0 ≤ a < b ≤ +∞), Polisicchio (2008) showed that

lim
p→0+

I(p) = 1−
a
E(X)

and lim
p→1−

I(p) = 1−
E(X)

b
. (3)
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A third very important issue regards the interpretation of the values of the two
curves. Everybody knows that, if the r.v. X represents the income, LX(p∗) = L∗

means that the “bottom” proportion p∗ of the population has the proportion L∗ of
the total income. The I(p) curve can be easily interpreted, and its information is
immediate and intuitive. It follows by the definition that if the IX(p) curve is equal
to I∗ at p = p∗, it means that the income mean of the “bottom” proportion p∗ of
the population is (1− I∗)-times the income mean of the remaining population. In
other words, for each p ∈ (0,1), the population can be splitted into two groups
- the first one consisting of the “poorest” people, and the second one composed
by all the others - and the value of the I(p) curve allows to catch the numerical
relationship between the income means of these groups. An important difference
between the Lorenz and the Zenga inequality curves is about the subjects whose
incomes are faced on: the former performs a comparison between a group and
the total of the population, while the latter provides a comparison between two
distinct, not overlapping and ordered groups: the so-called “lower” group and the
“upper” one. The comparison between the means of two groups partitioning the
population seems to be more informative than the comparison between the mean
of a group and the total mean of the population.

5. SIMILARITIES BETWEEN THE TWO INEQUALITY CURVES WITH
REFERENCE TO SOME INCOME DISTRIBUTIONS

The similarities between the Lorenz and the Zenga curves arise in the compari-
son of the curves for some distribution models. The considered models are often
used in literature for modelling the income distribution (Polisicchio and Porro,
2008).

This means that near the boundary of the domain, the I(p) curve is more
explanatory  than the Lorenz one and much more suitable for inequality analysis
around lower or upper values of the r.v. X.

Another well-known constraint regarding Lorenz curve is that it is an
increasing function of p: it can be proved that this feature is a consequence of the
definition of L(p) curve (Sarabia et al., 2005). For the I(p) curve this restriction
does not apply. For this reason the I(p) curve can be considered more flexible than
L(p), in fact some real situations bring to very different I(p) curves, but not so
different L(p) curves (Maffenini and Polisicchio, 2009). All this gives the Zenga
inequality curve a major capability to capture information of real situations than
Lorenz one.
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5.1. THE LOG-NORMAL MODEL

Let X be a r.v. with Log-normal distribution (depending on the parameters γ and
δ > 0), then the L(p) curve is:

L(p) = φ [φ−1(p)−δ ] p ∈ (0,1)

and therefore the I(p) curve is:

I(p) =
p−φ [φ−1(p)−δ ]

p{1−φ [φ−1(p)−δ ]}
p ∈ (0,1)

where φ is the standard Normal distribution function.
It is important to note that for both curves, the distribution parameter γ is not

an inequality indicator; in fact they do not depend on it. On the other hand, the
second distribution parameter δ is a direct inequality indicator for Lorenz curve,
in the sense that, given two Log-normal models F1 and F2 (with parameters γi and
δi, i = 1,2), if δ1 ≤ δ2, then F1 ≤L F2 (Zenga, 1984). Consequently, by the equi-
valence lemma, it also follows that F1 ≤I F2. This implies that δ is a direct inequa-
lity indicator for the I ( p) curve, too.

In Figures 1 and 2 some L(p) and I(p) curves for the Log-normal model are
shown. Each curve corresponds to a different choice of the distribution parameter
δ .
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δ = 0.5
δ = 1
δ = 2

Figure 1: L(p) curve for the log-normal
model with different values of δ

0 1

1

Equality line

δ = 0.5
δ = 1
δ = 2

Figure 2: I(p) curve for the log-normal
model with different values of δ
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5.2. THE PARETO MODEL

For the Pareto model with parameters x0 > 0 and θ > 1 in order to have finite
expectation (Pareto, 1895), characterized by the distribution function
F (x ) = 1− (x−1x0  

)θ
I{x>x0}(x  ), the L  ( p) curve is given by:

L(p) = 1− (1− p)
θ−1

θ p ∈ (0,1)

and from that, the I(p) curve can be obtained:

I(p) =
1− (1− p)

1
θ

p
p ∈ (0,1).

Both curves do not depend on distribution parameter x0, but only on θ . It is easy
to see that, for any fixed p ∈ (0,1) as θ increases, the Lorenz curve increases
too (whereas the inequality decreases). For the I(p) curve, since for any fixed
p ∈ (0,1) the partial derivative of I(p) with respect to θ is negative, it follows that
if θ increases, then the I(p) curve decreases, and so inequality does. Therefore,
for both curves, the distribution parameter θ is an inverse inequality indicator.

Some L(p) and I(p) curves for the Pareto model are drawn in Figures 3 and
4. Each curve corresponds to a different choice of the distribution parameter θ .

It is worth noting that in the Pareto model, the first limit in (3) implies that

lim
p→0+

I(p) =
1
θ

,
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Figure 3: L(p) curve for the Pareto model
with different values of θ
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θ = 2
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Figure 4: I(p) curve for the Pareto model
with different values of θ
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and therefore, as p approaches 0, the I(p) curve tends to a value which depends
only on the parameter θ .

5.3. THE DAGUM MODEL

The distribution function (depending on the three positive parameters λ ,θ and
β ) of the Dagum model is F(x) = (1+λx−θ )−β

I{x>0}(x  ) (Dagum, 1977). In or-
der to have finite expected value, θ must be greater than 1.
The related Lorenz curve is:

L(p) = B

(
p

1
β ;β +

1
θ

;1−
1
θ

)
p ∈ (0,1) (4)

where B(x;a;b) denotes the following incomplete Beta function

B(x;a;b) =
∫ x

0

1
B(a;b)

ua−1(1−u)b−1 du x ∈ (0,1), a > 0, b > 0

and B(a;b) is the function Beta with parameters a e b, that is:

B(a;b) =
∫ 1

0
xa−1(1− x)b−1 dx a > 0, b > 0.

Applying the definitions, the lower and the upper mean can be obtained:

−
M(p) =

λ 1
θ β
p

∫ p
1
β

0
t

1
θ +β−1 (1− t)−

1
θ dt

=
λ 1

θ β
p

·B

(
β +

1
θ

;1−
1
θ

)
·B

(
p

1
β ;β +

1
θ

;1−
1
θ

)

and

+
M(p)= =

λ 1
θ β

(1− p)

∫ 1

p
1
β

t
1
θ +β−1 (1− t)−

1
θ dt

=
λ 1

θ β
(1− p)

·B

(
β +

1
θ

;1−
1
θ

)
·

[
1−B

(
p

1
β ;β +

1
θ

;1−
1
θ

)]
.

The I(p) curve is therefore given by:

I(p) =

p−B

(
p

1
β ;β +

1
θ

;1−
1
θ

)

p

[
1−B

(
p

1
β ;β +

1
θ

;1−
1
θ

)] p ∈ (0,1). (5)
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Obviously, the expression (5) can be obtained by (2) and (4).
Both curves (4) and (5) do not depend on λ , since it is a scale parameter for

the Dagum model, and so no inequality curve can be influenced by it.
The role of the two parameters θ and β for the Dagum model in relation to

Lorenz curve has been analyzed in Dancelli (1986). There, it is proved that in
Lorenz curve of the Dagum model, if one parameter is fixed, the other one is an
inverse inequality indicator. Therefore the same conclusion applies for the I(p)

curve, since the equivalence lemma holds.
An alternative proof can be obtained using the results of Wilfling (1996) and

Kleiber (1999). The former paper states a necessary condition related to a family
of distributions called Generalized Beta of the Second Kind (GB2) for Lorenz
ordering. The latter work states a sufficient one related to the same family of
distributions. Since the Dagum distribution is a particular GB2 (McDonald, 1984)
these two conditions together with the equivalence lemma  allow too btain the sa-
me results.

In Figures 5 and 6 some L(p) and I(p) curves for the Dagum model are shown
with different values of β and θ = 2. In Figures 7 and 8, the distribution parameter
β is fixed and equal to 1, and the value of θ changes.
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Figure 5: L(p) curves for the Dagum
model with θ=2 and different values of β
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Equality line

β = 0.1
β = 0.5
β = 10

Figure 6: I(p) curves for the Dagum
model with θ=2 and different values of β

In the Dagum model with θ = 2 and β = 10, it holds that L(0,5) = 0,23 and
I(0,5) = 0,70. In the income distribution framework, this value of Lorenz curve
means that the “poorest” half of the people owns the 23% of the total income,
while the meaning of Zenga curve is that the income mean of the “poorest” half
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Figure 7: L(p) curves for the Dagum
model with β=1 and different values of θ
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Figure 8: I(p) curves for the Dagum
model with β=1 and different values of θ

of the people equals the 30% of the income mean of the “richest” half of the
population.

5.4. THE SINGH-MADDALA MODEL

The distribution function of Singh-Maddala model (also known in literature as
Burr Type XII distribution) is given by F  (x ) = 1−(1 + λ−β xβ )−δ

I{x>0}(x), where
the thre eparameters λ ,β and δ are positive (for more details see Kleiber, 1996; Klei- 
ber and Kotz, 2003; Singh and Maddala, 1976).The further condition δ > 1/β
assures the finiteness of E(X  ). In that case, the corresponding L ( p) curve is given
by:

L(p) = B

(
1− (1− p)

1
δ ;1+

1
β

;δ −
1
β

)
p ∈ (0,1)

and therefore the corresponding I(p) curve is:

I(p) =
p−B

(
1− (1− p)

1
δ ;1+ 1

β ;δ − 1
β

)

p
[
1−B

(
1− (1− p)

1
δ ;1+ 1

β ;δ − 1
β

)] p ∈ (0,1).

An important result regarding the Singh-Maddala model and the order based
on Lorenz curve is given by Polisicchio (1990). In that article it is proved that,
for that partial order, in the Singh-Maddala model, if the value of the distribution
parameter β is fixed then δ is an inverse inequality indicator, and if δ is fixed, then
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Figure 9: L(p) curves for the Singh-
Maddala model with δ=0,5 and different
values of β
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Figure 10: I(p) curves for the Singh-
Maddala model with δ=0,5 and different
values of β
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Figure 11: L(p) curves for the Singh-
Maddala model with β=1 and different
values of δ
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Figure 12: I(p) curves for the Singh-
Maddala model with β=1 and different
values of δ

β is an inverse inequality indicator. Using that result and the equivalence lemma,
it follows that the same statement holds for the order based on I(p) curve, too:
if one distribution parameter is fixed, then the other one is an inverse inequality
indicator. That feature can be observed in Figures 9 and 10, where δ is fixed and
β changes, and in Figures 11 and 12, where β is fixed and δ changes.
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6. CONCLUSIONS

The comparison between L(p) and I(p) curves highlights important results. Zenga’s
curve can be considered more explanatory and flexibile and its results possess more
intuitive interpretation than Lorenz one. All these characteristics play a fundamental
role, especially in the applicative field.

Another significant observation is about inequality indicators. For the analyzed
distribution models (Log-normal, Pareto, Dagum and Singh-Maddala), all the
direct (respectively inverse) inequality indicators for Lorenz curve are direct
(respectively inverse) inequality indicators for I(p) curve and vice versa: this
peculiarity  makes it evident the consistency between the two curves, although they
approach the inequality measuring in two different manners.

For all these reasons the I(p) and the related index I seem to be a valid
alternative to the classical L(p) curve and to the related inequality indexes.
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